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1. INTRODUCTION Krstit et al, 1995), for solving the stabilization and

In recent years a lot of interest has been devoted to thetrackmg problem under saturating velocities. Also,

stabilization and tracking of a wheeled mobile robot, fora §|mp||f|ed dynarplc model of the mobile ropot
see e.g. (Bloch and Drakunov, 1996: Canudas de Wit (" (Jiang and Nijmeijer, 1997)) the same technique
et al, 1996; Escobaet al, 1998; Fliesst al, 1995; turns out to be of great value. The proposed con-
Jiang; and ’Nijmeijer 1997- Ka,nayamn al. 1990.  troller design is inspired by previous work of Pomet,
Kolmanovsky and McClamroch. 1995- Samson and (POMet 1992) (see also (Lin, 1996)) where for general
Ait-Abderrahim. 1991 Walskt aI’ 1994)’ One of the driftless systems time-varying stabilizing controllers
reasons for this, is, un,doubtedly,,that no smooth time- '€ devgloped.'Our stabilizing and tracking con'trollers
invariant stabilizing controller for this system exists, fqrthg kinematic quel of the robotglobally fulfill the
which is a corollary from the fact that Brockett's nec- given mput.constralnts, .and for. the Qynamlc extgnded
essary condition for smooth stabilization is not met, Mode! semi-globally fulfill the given input constraints,
see (Brockett, 1983). Many of the above referenceé thus given the initial condition to belong to some com-
as well as (C(’)ron 1992: Escobetral, 1998; Jiang 'pact set, appropriate parameter tuning for the bounded
1996; Jiang and Pomet, 1996; Lin, 1996; Pomet, lggz)cont'roller is possible. i )

therefore aim at developing suitable time varying sta- A different approach using cascaded ideas for the
bilizing (tracking) controllers for mobile robots or SaMe problems can be found in (Pantedegl, 1998).
more general chained form nonholonomic systems.  The paper is organized as follows. In section 2 the
In the present note we want to study the stabiliza- bounded state feedback stabilization problem for the
tion and tracking problem for a wheeled mobile robot Wheeled mobile robot is addressed, while in section
under saturation constraints on the inputs. At this 3 the bounded state feedback tracking problem is
point we exploit the normalization technique known investigated. Section 4 contains the conclusions.
from adaptive control, see e.g. (Jiang and Praly, 1992;
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2. STABILIZATION VIA BOUNDED STATE
FEEDBACK

The purpose of this section is to show that it is not
difficult to extend Pomet’s method (Pomet, 1992) to
the kinematic model of a wheeled mobile robot under

for (1) in closed-loop with (3) which is written in more
compact form
X = fi(X)w + f(X)v (9)

In (8) ¢1 > 0 is a design parameter to be chosen later

saturation constraints on the control inputs. Then, we andg; is a smooth (i.e., of clags™) function inB F;
employ the integrator backstepping idea to establish awith the property thag;(s) = 0 if and only ifs= 0.

similar result for a simplified dynamic model of the
robot.

2.1 Kinematic model

The benchmark wheeled mobile robot considered by
many researchers (see, e.g., (Kolmanovsky and Mc-

Clamroch, 1995; Canudas de Wt al, 1996) and
references therein) is described by the following kine-
matic model:

Xc = vCOH
Yo = vsing (1)
0 =ow

where v is the forward velocity,w is the steering
velocity. (X, Ye) is the position of the mass center of
the robot moving in the plane addienotes its heading
angle from the horizontal axis. Here, the velocities
andw are subject to the following constraints:

)

wherewmaxandvmaxare arbitrary positive constants.

lw| < Omax, [V < Vmax

The stabilization problem to be addressed, is to con-

struct a time-varying state-feedback law of the form
3)

in such a way that (2) holds and the zero solution of
the robot system (1) in closed-loop with (3) is globally
uniformly asymptotically stable (GUAS).

We follow (Pomet, 1992) to achieve our control objec-
tive. First, define a s@& F, of continuous and bounded
functions indexed by a parametet 0, i.e.

w = al(t, 97 XCﬂ yC) ’ Vv = az(tv 97 XCa yC)

BF = {¢:R— R| ¢is continuous and @)
—Ir<¢(xX) <r VxelR}
and a corresponding set of saturation functibns.e
Ss={¢p:R— R eBF | s¢p(s) > 0foralls# 0}(5)

Examples of nontrivial functions %, include for
instance

P(X)=

Denote

2rx
1+x2°

rx?
1+x2°

p(x)= ¢(x)=2Z arctan(x) (6)

X = (0,% o) @)
Introduce a Lyapunov function candidate
Va(t, =4 (0+62010¢ + ¥2) cost) + HE+1y2 (8)
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It is direct to verify that the conditions of (Pomet,
1992, Theorem 2) hold for such choice of Lyapunov
functionV; in (8). Using the controller design scheme
proposed in (Pomet, 1992), we obtain the time-varying
state feedback laws

o = £1010& + y2) sint —
—he, (0+ e191(x + y2) cost)
=a1(t, 6, X, Ye)
V= —h%([xC COSH + Y Sind] x

(10)

x[1+ 2¢1(6 + 101 cost)g; cost]) (11)
=ao(t, 0, X, Yeo)

wheree, andes are two positive design parameters,
h82 € Sszl h83 € 883 andg;_ = %(Xg + yg)
We establish the following result.

Proposition 1. The equilibriumx = 0 of the closed-
loop system (1), (10) and (11) is globally uniformly
asymptotically stable (GUAS) for any positivg,
g2 and g3. In particular, given any saturation levels
wmax > 0, vmax > 0 as in (2), we can always tune,

&2 andes so that (2) holds whilex = 0 is GUAS.

PROOF. Noticing that

0,56, yo) = £1010& + Y2 sint — (L V2 (£.),
az(tve’ XCsyC) = _h€3(|— fzvl (t7 X)) )

the time derivative oWV, as defined in (8) satisfies:

Va(t 0 = — (L, Vat 0 )he L Vact ) —
—(szvl(t, X))h53(Lf2V1(t, x)) (12)

The proof is completed along the same lines of
(Pomet, 1992, Proof of Theorem 1) using LaSalle’s
invariance principle. We can meet (2) choosing+
€2 < wmaxandez < vmax O

2.2 Dynamic model

In the preceding subsection we have solved the sta-
bilization problem for the kinematic model (1) of the
benchmark wheeled robot with saturating velocities.
In this subsection, we demonstrate that the same con-
trol task can be achieved for a simplified dynamic
model of the robot with saturation on the control
torques.



More precisely, we consider the following dynamic
extension of the robot (1), see also (Jiang and Nijmei-
jer, 1997):

Xc = vCOosH

Yo = vsing

0 =w (13)
o = U

Vo= W

whereu; andu, are generalized torque-inputs subject
to the constraints:

|U1| < u1,max: |U2| < u2,max (14)

with U max> 0 anduy, max > O arbitrary positive con-
stants.
Introduce two new variables andv as

5:a)_al(tﬂev)(CﬂyC)ﬂ izV—aZ(t’e’Xc’yc) (15)

with a1 (t, 6, Xc, Yo) andaa(t, 9, X, Ye) as defined in
(10) and (11).

Consider the positive definite proper Lyapunov func-
tion candidate for system (13)

Va(t, X) = e4log(1+Vi(t,0, %, Ye)) + 30°+ 277 (16)

whereX := (X", w, V)T = (X, Ve, 6, w, v)T andes >
0 is a design parameter to be chosen later.

In view of (12) and (15), differentiatiny, along the
solutions of system (13) yields

Vo(t, X) = —[(Lflvl(t, X))th(Lflvl(t, x))+

+(L BVt X))hsz(L f,V1(t, X))] +

&4

1+Vi(t,x)

e4(0+ €101 Cc0oSt) _
14 Va(t, x)
+84(XCCOSG+yCSIn0);i;ffé(z+£lglCOSt)g,lCOSt)5+
+ (U —a1) + V(U2 — d2) (17)
where
3051 3(1’1 3051 3(1’1 .
= — —_— —=Cc0s9 + —=sinf
“a=t ae‘”+<axc Y )”
dap | Odap daz dap .
= — —_— —— Cc0S9 + ——sinf
*2= Tt ae‘”+<axc T aye )”

Therefore, we choose the time-varying control laws as (D)

_ . £4(0 + €101 Ccost)
up=—h e N G X
1 s (@) + a1 TERVATE (18)
_54(xccos@+ycsin0)(1+251(9+slglcost)g’lcost) (19)

1+Vi(t,x)

whereeg > 0 andeg > 0 are design parameters and
he, € S, heg € S
We are now ready to state the result.

Proposition 2. The equilibriumX = 0 of the closed-
loop system (13), (18) and (19) is GUAS for any
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Fig. 1. Stabilization of the kinematic model with
initial  conditions  K:(0), yc(0), 0(0)]T =
[-0.5,0.5, 1] .

positive values ok, 1 <i < 5. In particular, given
any saturation levelg; max> 0, Uz max> 0 as in (14)
and any compact s€t; in R®, we can always tune our
design constants (1 <i < 6) so that (14) holds for
all trajectories starting if2;.

PROOF. Under the choice of (18) and (19) for the
torques inputs, it holds

Vo(t, X) = —[(Lflvl(t, x))hgz(Lflvl(t, x))+

+(LeVatt 0 ) LeVat 0) | o
— @y, (@) — T, (7) (20)

The first part of Proposition 2 readily follows from
LaSalle’s invariance principle as in the proof of Propo-
sition 1.

The second statement is more or less direct from the
expressions (18) and (19) of the control lawsand

Uo. O

2.3 Simulations

To support our results, we simulated witha.As ™

the wheeled mobile robot (1) in closed-loop with the
controller (10, 11) withe; = 1 andga(s) = h,,(s) =

h,, = tanh(s), which guarantees thaw(t)| < 2 and

| <1 for allt > 0. The resulting performance is
depicted in Figure 1.

From the initial condition %.(0), yc(0), 6(0)]" =
[-0.5, 0.5, 1] we see a very slow convergence to the
origin, which is a well known consequence from using
Pomet's method (cf. (M’'Closkey and Murray, 1997)).
If we then consider the simple dynamic extension
(13) in closed-loop with the controller (18, 19) where
we additionally usees = 1, and h.(s) = h,, =
tanh(s) the resulting performance if we start from the
initial condition [x¢(0), yc(0), 8(0), w(0), v(0)]"
[-0.5,0.5, 1,0, 0]" is depicted in Figure 2.
Again we see a very slow convergence to the origin.
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Fig. 2. Stabilization of the dynamic model with initial
conditions k:(0), y¢(0), 6(0), w(0), v(O)]" =

[-0.5,0.5,1,0,0].

3. TRACKING VIA BOUNDED STATE

FEEDBACK

3.1 Kinematic model

In this section, we address the tracking problem for

the robot (1) under a constraint on the velocities. To Wi(Xe, Ye, fe) =

qguantify the saturation level, it is assumed that the

reference trajectoryx;, yr, 0;) satisfies

Xr = vy COSH,
Yr = v Siné;
ér = Wr

(21)

wherew, andv, are bounded reference velocities.
The objective is to find time-varying state-feedback

controllers of the form

o =" {t,0, %X, Ye), Vv

such thatx.(t) — X (1), yc(t) — yr (1) and

V* (tv 0’ XC? yC)

(22)
6(t) — 6r (1)

tend to zero a$ — +oo while guaranteeing the fol-

lowing property:

loM)| < wmax, V(D] < vmax

forall t > 0(23)

wherewmax > SUR- |@r (1)] andvmax > SURsq [Vr (1)]

are arbitrary.

We show next that the following control laws solve our
tracking problem:

1

A1vy
= + ﬁ / COS(SHe(t))ds+ hy, (6e)
0
= ﬁl(tﬂ 9e7 Xea Ye) (26)
V=1 C00 + h(X3)(Xe) = Ba(t, 0, Xe) (27)

whereis, A2, A3 are positive design parameters and
h)Ll € S)\l, h)»z € S)Lz.

Proposition 3. Assume thatw, and v, are bounded
and uniformly continuous over [@0). If either oy (1)

or v, (t) does not converge to zero, then the zero equi-
librium of the closed-loop system (25), (26) and (27)
is globally asymptotically stable. In particular, given
any wmax > SUR-q |@r (1)] and vmax > SUR-|vr (D],

we can always tune our design parametqrs., and

A3 so that the condition (23) is met.

PROOF. Consider the positive definite and proper
Lyapunov function candidate

A 1
?1|og(1+x§+y2) + 593 (28)

Differentiating Wy along the solutions of the closed-
loop system (25), (26) and (27) yields:

A1Xehy; (Xe)

Wl(X61 y67 06) = - 1+ Xg + yg - thkz (96) E 0 (29)
Therefore, the trajectoriggc(t), Ye(t), fe(t)) are uni-
formly bounded on [0o0). It follows, as in (Jiang and
Nijmeijer, 1997), by direct application of Baalat's

lemma (Khalil, 1996) that
tILTO[Xe(t)hx\g(Xe(t))+9e(t)hkz(9e(t)] =0 (30)

which, in turn, gives

tlijgo(lxe(t)l + 0e(H])) =0 (31)

It remains to prove thay.(t) goes to zero as— oo.
Indeed, this fact can be established by mimicking the
arguments used in the proof of (Jiang and Nijmeijer,
1997, Proposition 2).

As in (Jiang and Nijmeijer, 1997) (see also (Kanayama The last statement of Proposition 3 is more or less
et al, 1990)), consider the following tracking errors

Xe cosd sind 0 | | X —Xc
Ye | = | —sindcost O || yr—ve | (24)
Oe 0 0 1 O — 06

Obviously, for any value of, (Xe, Ye, 6e) = 0 if and

only if (X, Ye, 0) = (X, ¥r, 6r).

It can be directly checked, the tracking error dynamics

of the robot satisfy

Xe = wYe — V + vy COSHe
Ye = —wXe + VrSinfe
ée = Wy — w.

(25)
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direct. O

3.2 Dynamic model

We extend the tracking result from subsection 3.1 to
the simplified dynamic model (13) of the robot. The
tracking error dynamics are described by

Xe = wYe — V + vy COSHe

Ve = —wXe + VrSiNfe

e = o — (32)
o= U

V= U



whereu; andu, are torque-inputs subject to the con-
traint:
(33)

[U1] < Upmax, |U2| < Uz max

where u; max and Uz max are two arbitrary saturation
levels satisfying the property

Uz max > Suplvr(t)] . (34)

t>0

U, max > Suplar(t)],
t>0

Contrary to the kinematic model (25) considered in
the subsection 3.1y andv are not the actual control
inputs to the dynamic model (32) of the robot. Con-
sequently, the tracking control laws obtained in (26)
and (27) cannot be implemented in the present situ-
ation. To invoke integrator backstepping (see (Krsti’
et al, 1995)) for the purpose of designing our true
tracking controllers subject to (33), we introduce two
new variables

We = W — :Bl(tveevxe: ye): Ve=V— ﬂz(tsges Xe) (35)

where 81 and B8, are defined as in (26) and (27),
respectively.

Consider the positive definite and proper Lyapunov
function candidate for system (32)

Wa(t, Xe) = 14109(1 + Wi (L, Xe, Ye, fe)) +
1 As
Ewg + > log(1+ v2)
where X := (Xe, Ye, Oe, e, Ve) and A4, A5 > 0 are
two design parameters to be chosen later.
Using (29), the time derivative dM, along the solu-
tions of (32) satisfies

(36)

A Alxeh)\g(xe) )\4
t =— | —="= 4+6ch,, (O
Wa(t, Xe) <1+X§+y§+ ey, (Oe) 1T W
—A1Xe Ag
+ [ —2 v — Oewe | —— +
<1+x%+y% © e>1+W1

. )\,5\)9 7
_ — 7
+we(Ur — B1) + 142 (U2 —p2) (37)
where
. 9 9
B = % + ai;i(wye— v+ vy COSPe) +
3 : 9
_}_ai;/z (—wXe + vy SINGe) + % (0r — )
.9 3 9
Bo= % + ai;(i(wye— v+ vy COSPe) + a%z(wr—w)

= Ura)esinee + i)r COS@e +
+ (11;2'1‘;5 Jocos(she(t))ds+ hy, (He)) Vr SiNfe+-
+ h;q (Xe) (@Ye — v + vr COSOe)

Let A6 > 0, A7 > 0 be design parameters. By making
the following choice of tracking control laws for the
torquesu; andu,

)\.49e
1+W

AsVe

+1+v§

Ur=—h;, (0o +B1+ vr Sinfe (38)
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. *1AaXe(14+12) .
Uz= —h, (V) + ot amdyp T+ COe+

+h,,(Xe) (wYe — v + vy COSBe)
JEcossadtyds+ mz(ee)]v,sinee (39)

A1V Ve
R

with hy, € S;,, hy, € S;,, it follows from (37) that

)leeh)\g (Xe)

Wh(t, Xe) = —(1 vy +eehxz(ee))

_wehxe (we) — Veh)q (ve)

Aa B
1+W
(40)

We are now in a position to state our tracking result
for the dynamic model (32).

Proposition 4. Assume thatw,, @, v, and v, are
bounded over [0oo). If either wy(t) or v (t) does
not converge to zero, then the zero equilibridin=

0 of the closed-loop system (32), (38) and (39) is
globally asymptotically stable. In particular, given any
Uz, max> SURg |@r (1)] @nduz max > SUR-o |y (1)| and
any compact sef2, in IR®, we can always tune our
design parameters; to A7 so that the condition (33)
is also met for all trajectories starting frof2p.

PROOF. As in the proof of Proposition 3, the first
part of Proposition 4 follows from (40) together with
a straightforward application of Baalat's lemma
(Khalil, 1996).

The second part of Proposition 4 is more or less direct
from the expressions of the time-varying feedbacks
(38) and (39). O

3.3 Simulations

To support our results, we simulated the closed-
loop system (25, 26, 27). The desired trajectory has
been given to bey; (1) = 1, v (t) = 1, i.e. a circle.
Using A1 = 1 and h;,(s) = h,, = tanh(s), which
guarantees us thab(t)| < 3 and|v(t)| < 2 for all

t > 0, we obtained starting from the initial condi-
tion [Xe(0), Ye(0), e(0)]T = [-0.5, 0.5, 1]T the per-
formance as depicted in Figure 3.

We see that the control inputs obviously remain within
their bounds and yield a quick convergence to the
desired trajectory.

Next, we simulated the closed-loop system (32, 38,
39) whereis = A5 = 1 andh, (s) = h,, = tanh(s),
where we want to track the same desired trajectory
again. The resulting performance if we start from the
initial condition [Xe(0), Ye(0), 8e(0), we(0), ve(0)] "=
[-0.5,0.5,1, 1, 1]" is depicted in Figure 4.

We see an even quicker convergence of the tracking
errors than in the previous case for the kinematic
model.

4. CONCLUSIONS

(Semi-)global solutions for the stabilization and track-
ing problem for the kinematic and simplified dynamic
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Fig. 3. Tracking of the kinematic model with initial
errors Ke(0), Ye(0), 6(0)]T =[—-0.5, 0.5, 1]".
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Fig. 4. Tracking of the dynamic model with ini-
tial errors Ke(0), Ye(0), 0e(0), we(0), ve(0)]T =
[-0.5,0.5,1, 1, 1]".
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