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1 Why are uniform results important?

Consider the dynamical system

ẋ(t) =

{
− 1

t+1 sgn(x) if |x| ≥ 1
t+1

−x if |x| ≥ 1
t+1

(1)

where

sgn(x) =

⎧⎪⎨
⎪⎩
−1 if x < 0

0 if x = 0

1 if x > 0

.

Then for each r > 0 and t0 ≥ 0 there exist constants k > 0

and γ > 0 such that for all t ≥ t0 and |x(t0)|< r:

|x(t)| ≤ k|x(t0)|e−γ(t−t0) ∀t ≥ t0 ≥ 0. (2)

However, always a bounded (arbitrarily small) additive per-

turbation δ (t,x) and a constant t0 ≥ 0 exist such that the

trajectories of the perturbed system

ẋ(t) = δ (t,x)+

{
− 1

t+1 sgn(x) if |x| ≥ 1
t+1

−x if |x| ≥ 1
t+1

are unbounded, see [4].

One of the reasons for this negative result is that in (2) the

constants k and γ are allowed to depend on t0, i.e., for each

value of t0 different constants k and γ may be chosen. By re-

quiring that those constants are independent of t0, we obtain

uniform asymptotic stability. As shown in [2, Lemma 5.3]

uniform asymptotic stability gives rise to some robustness

that is not guaranteed by asymptotic stability.

2 How to obtain uniform asymptotic stability

Typically when proving stability of a nonlinear dynami-

cal system, one can find a Lyapunov function candidate

of which the time-derivative along solutions is not nega-

tive definite, but only negative semi-definite. Often, the

Lemma of Barbălat [1] is used to complete the proof and

show asymptotic stability.

Though this approach works to show asymptotic stability,

it does not yield uniform asymptotic stability, which from

a robustness point of view is important as mentioned in the

previous section. An alternative way to complete the proof is

by usings Matrosov’s Theorem, or one of its generalisations:

Theorem 2.1 (cf. [3, Theorem 1]) Consider the dynamical
system

ẋ = f (t,x) x(t0) = x0 (3)

with f (t,0) = 0, f : R+×R
n →R

n locally bounded, contin-
uous and locally uniformly continuous in t.

If there exist j differentiable functions Vi : R+ ×R
n → R,

bounded in t, and continuous functions Yi : Rn → R for i ∈
{1,2, . . . j} such that

• V1 is positive definite,

• V̇i(t,x)≤ Yi(x), for all i ∈ {1,2, . . . , j},

• Yi(x) = 0 for i∈ {1,2, . . . ,k−1} implies Yk(x)≤ 0, for
all k ∈ {1,2, . . . , j},

• Yi(x) = 0 for all i ∈ {1,2, . . . , j} implies x = 0,

then the origin x = 0 of (3) is uniformly globally asymptoti-
cally stable (UGAS).

So in addition to the Lyapunov function V1, auxiliary func-

tions Vi need to be found to complete the proof. We will

present candidates for the functions Vi that often work to

complete a stability proof and show uniform asymptotic sta-

bility.
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