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Trajectory Tracking of Under-Actuated Marine Vehicles

Claudio Paliotta®, Erjen Lefeber* and Kristin Y. Pettersen®

Abstract— A control strategy for trajectory tracking of
straight line trajectories for autonomous surface vehicles (ASV)
is presented in this paper. Our control strategy is based on
input-output feedback linearization with the so called hand
position point as output. This is motivated by a method pre-
viously used for ground autonomous vehicles, without external
disturbances. The proposed control strategy may be used also
for path following. The control approach proposed in this paper
is furthermore able to deal with external disturbances, e.g.
unknown irrotational ocean currents, and gives an estimate
of the disturbance. Using Lyapunov analysis, almost-global
asymptotic stability (almost-GAS) of the closed-loop system
is proven. Simulation results are included to validate the
theoretical result.

I. INTRODUCTION

There is currently a large interest in developing au-
tonomous vehicles for the execution of tasks which are dull,
hard or impossible to execute for humans. For this reason
autonomous vehicles are extensively studied and developed
for use in different fields. We find unmanned vehicles for
ground applications (UGV), for aerial applications (UAV),
and marine applications, i.e., autonomous surface vehicles
(ASV) and autonomous underwater vehicles (AUV). In their
respective environments they represent a valid resource for
the execution of several tasks, including mapping [1] or
exploration of unknown environments [2]. Clearly, their
use is even more relevant in hazardous environments, and
environments which are impossible to reach for humans, e.g.
space exploration [3] and seabed exploration in the Arctic
[4]. In order to achieve reliable execution of tasks, control
strategies which aim to improve the autonomy of unmanned
vehicles, are needed.

An important control problem for ASVs and AUVs, which
has received a lot of attention in the last years, is the
trajectory tracking problem, i.e., reaching and following a
given trajectory with a time constraint on the along trajec-
tory position of the vehicle. This problem is particularly
challenging for ASVs and AUVs since they are generally
under-actuated [5], i.e., they are second order non-holonomic
vehicles. The trajectory tracking problem for marine vehicles
has been dealt with in several works and with different
approaches during the last years [6]-[9].
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In [6], the trajectory tracking problem is approached
by designing a feedback-linearizing controller, and
J —exponential stability for the closed-loop system
is proven using cascaded system theory. The designed
controller requires the well-known condition of persistence
of excitation (PE), i.e., the angular velocity of the vehicle
is required to be constantly excited. The PE condition is
also considered in [7], where two different controllers for
trajectory tracking are developed using Lyapunov’s direct
method. Both [6], [7] considered that the reference state
is generated by a virtual ship, of which the parameters
should be the same as for the real one. In practice this is
a difficult condition to satisfy. This assumption is removed
in [9], where the authors use cascaded system theory
and backstepping methods in order to solve the trajectory
tracking problem for under-actuated ships subjected to input
saturation. The proposed controller is able to drive the
position tracking error to a ball centered at the origin and
whose radius may be made arbitrarily small. Also in [9] the
PE condition is required.

In [8], the backstepping method is used in order to design
a controller which makes the position and orientation errors
globally asymptotically and locally exponentially converge to
balls with radii depending on the desired states. The effect
of the ocean current is also considered.

The main contribution of this paper is a feedback lineariz-
ing controller for under-actuated ASVs and AUVs moving
in a horizontal plane, utilizing the concept of hand position
which is discussed further below. The choice of the hand po-
sition as output provides an external dynamics which behaves
as a double integrator, and a tracking dynamics which is
shown to be almost-GAS. The fact that the external dynamics
behaves as a double integrator simplifies the definition of a
trajectory tracking controller. In fact, in this case it is not
necessary to define geometric laws in order to point and
converge to a path, e.g. integral line-of-sight (ILOS) [10],
or geometric considerations [11]. Moreover, since control
strategies for systems with a double integrator dynamics
have been thoroughly studied in the past, this result makes it
possible to extend well-known control strategies for double
integrators to ASVs and AUVs, e.g. for multi-agent systems,
for which few results exist for under-actuated systems, and
this is the topic of future work.

Generally, in previous works on marine vessels, whether
disturbance rejection is taken into account or not, the trajec-
tory tracking problem is tackled by designing a controller in
order to make either the center of mass or the pivot point
converge to the desired trajectory [6]-[9], [12]-[14]. In this
paper we use a different approach. In particular, we adapt
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the definition of hand position from works about ground
vehicles [15]. Using the hand position point, the ground
vehicles are seen to have holonomic kinematics properties
[15]. Motivated by this, we extend the definition of hand
position to marine vehicles. Defining the hand position as
the output of our system, we use the input-output feedback-
linearization method [16] to design our controller. Since the
hand position point can be chosen with some freedom along
the center line of the vehicle, choosing it as output of the
system has other important advantages. For instance, assume
that we want a camera to follow a specific trajectory in the
space. If the camera can be placed only on the bow of the
vehicle we can choose the bow as the hand position. Then
with our approach it is easy to have the camera to follow the
assigned trajectory. The task would require more complex
path planning phase if the camera is on the bow and we
control the position of the center of mass.

Based on the discussion above, we address the particular
problem of trajectory tracking. We consider a complete
model with non-zero off-diagonal terms in the damping
and mass matrices. Furthermore, we take into account the
effect of unknown constant and irrotational ocean currents.
Finally, the control system is able to give an estimate of
the disturbance (both the magnitude and the direction of
the ocean current) when the system reaches the steady state.
We present a proof which shows almost-global asymptotic
stability (almost-GAS) for the closed-loop system. Further-
more, we present also a controller which solves the path
following control problem. In this paper we restrict our anal-
ysis to straight line trajectories and constant desired forward
velocity for the vehicle. However, this is not a significant
disadvantage since it is common for marine operations to
define a desired trajectory as a piecewise linear trajectory,
i.e., desired trajectories are generally defined by several way-
points and straight lines connecting these [5].

The paper is organized as follows: in Section II the model
of the class of vehicles which are considered is introduced;
our approach is analyzed in Section III; the control objectives
are given in IV; Section V deals with the control design for
the external dynamics; in Section VI the main results are
introduced; Section VII a case study is presented in order
to validate the theoretical results; finally in Section VIII the
conclusions are given.

II. VEHICLE MODEL

In this section a 3 degree of freedom (DOF) maneuvering
model that describes the motion of an ASV or an AUV
moving in the horizontal plane, is briefly described [5]. First,
the assumptions on which the model is based are presented.

A. Assumptions

Assumption 1: The motion of the vehicle is described in
3 DOF, e.g. surge, sway, yaw.

Assumption 2: The vehicle is port-starboard symmetric.

Assumption 3: The hydrodynamic damping is linear.

Remark 1: Nonlinear damping is not considered to not
increase the complexity of the controller. However, due to

the passive nature of the damping forces, the stability of the
vehicle should still be enforced in case of nonlinear damping.

Assumption 4: The ocean current in the inertial frame V =
[Vi,3]T is constant, irrotational and bounded, i.e., IVimax > 0

such that /V2+ Vy2 < Vinax-

B. The Vessel Model

In the following we use the North-East-Down frame
(NED) [5] convention for the inertial frame i. The pose of the
vehicle, i.e., the position and the orientation of the vehicle,
in the NED frame is given by the vector n = [x,y,w]”.
The vector v = [u,v,r]T gives the the surge velocity, sway
velocity and angular rate in the body frame. The rotation
matrix R = [e], ey, e3]”, with e; = [cos(y),sin(y),0]” ,e; =
[—sin(y),cos(),0] ,e3 = [0,0,1]7, gives the rotation from
the body frame to the inertial frame. The ocean current
affecting the system in the NED frame is given by V =
Vi, V3,07, while v, = RT[V,,V;,0] is the vector of the
current in the body frame. The motion of an ASV or an
AUV moving in a horizontal plane, is given by the following
3 DOF maneuvering model given in [5]:

n=Rv,+V
Mv, +C(Vr)vr+D(Vr)Vr = Bf,

(1)
(1b)

where V, = [u,,v,,r]T = v —v, is the vector of the relative
velocities in the body frame. The vector f = [T;,, T,]” gives the
control inputs 7, which is the thruster force and 7, which is
the rudder angle. The vector f € R? and therefore the vehicle
is under-actuated in its configuration space R3. The structure
of the matrices M, D, B is derived according to Assumptions
1, 2, 3, and is given by

A mi 0 0 A d]] 0 0 A b11 0
M=| 0 mompu|; D=1 0 dpds|;B=| 0 bnf. (2)
0 m3; m33 0 dsp ds3 0 b3y

The mass matrix M = M’ > 0 includes the hydrodynamic
added mass. The matrix D gives the linear damping terms,
and B € R**? is the actuator configuration matrix. The
Coriolis matrix C, which includes the Coriolis and centripetal
effects, can be derived from M as shown in [5]. We consider
the next assumption to hold:

Assumption 5: The body-fixed coordinated frame b (body
frame) is located at a point (xp,0), at a distance x}, from the
vehicle’s center of gravity (CG) along the center-line of the
ship. The pivot point (x},0) is chosen such that M~ 'Bf =
[74,0,7,]7 when the model (1) is written with respect to this
point.

Remark 2: The pivot point (xp,0) satisfying Assump-
tion 5 always exists for ships and AUVs with the center
of mass located on the centerline of the vehicle [5]. This is
implied by Assumption 2. Furthermore, the body-fixed frame
can always be translated to a desired location xp [5].
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In the following we consider (1) in component form
X =u,cos(y) —v,sin(y) + Vy (3a)
y =uysin(y) 4+ v,cos(y) +V, (3b)
y =r 3¢)

i, =Fy, (Vr) + T (3d)
v =X (uy)r +Y (ur) vy (3e)
f:Fr(Mr,Vr,r)+Tr- (3f)

The expressions for F,, (u,),F.(uy,v,,r) are given in Ap-
pendix I. Furthermore, X (¢,) = =X u, + X2, Y (u,) = —Yiu, —
Y, and X1,X5,Y),Y; are reported in Appendix I. We consider
the following assumption to hold:

Assumption 6: The following bounds hold on Y;,Y>

Y; >0, Y>> 0. )

Remark 3: The conditions Y;,Y> < 0 imply Y (u,) < O,

which is a natural assumption. In fact, ¥ (u,) > 0 would

result in an unstable sway dynamics, which is unfeasible for

commercial marine vehicles by design. This is a common
assumption for marine systems control design, e.g. [10].

III. HAND POSITION AND FEEDBACK LINEARIZATION

Before defining the output tracking problem, we analyze
in this section the inherent dynamics of the system (3) in
order to make a qualified choice of the system output. In
previous works on output trajectory tracking of ASVs and
AUVs the motion of the center of mass or of the pivot
point P = [x,y], which was the origin of the body-frame
(cf. Figure 1), was chosen as output. Motivated by the ideas
developed for ground vehicles in [15], we take a different
approach and we choose instead the motion of a certain
“hand position” point as the output of the system.

In [15], the hand position is defined as hg, = [xgv, Yev
[xc +1cos(W),y. +Isin(y)]T, where [x.,y.|T is the center of
the wheel’s axis, / > 0 is a constant and y is the yaw angle.
The point [x.,y.|7 has the same kinematic model as given
in (3a-3c) but with v, =0, i.e., it has unicycle kinematics.
The point [x.,y.]7 has actuation in yaw and along the x-
axis of the body-fixed frame. The point hgy, = [x,y,ye]7 can
be considered as a point indirectly actuated through [x.,y.]”
along the x and y axis of the body-fixed frame as illustrated
in Figure 1. In fact, from Figure 1, it is easy to see that
the application of a positive surge velocity at the point P
corresponds to a positive surge velocity at the point h, while
a positive (negative) yaw rate at the point P results in a
positive (negative) side velocity r/ at the point h. Since the
kinematic model of the ship is similar to the one of a ground
vehicle, we aim to do the same with the choice of the hand
position as h = [x1,y1]7 = [x+1cos(y),y+Isin(y)]”, where
1> 0is constant, [x,y]” is the pivot point and y the yaw angle
(cf. Figure 1). Therefore, the point h is indirectly controlled
through the actuation of the pivot point [x,y]’. The main
advantage of choosing the motion of the point h as output of
our systems is that applying the output feedback linearization
method [16], we see that its dynamic behavior is described

]T

Az

§=x+l sin(¥)

8

§

4 \\y
L

y: §,=y+l cos(¥) Y
»’.ll

Fig. 1: a) The center of gravity (CG), the pivot point (P) and
the hand position h. b) Relative velocities in the NED frame.

by a double integrator together with a tracking dynamics
which is almost-GAS.

We now apply the output feedback linearization method
[16], choosing the hand position point h € R? as output. First,
we need to check if (3) is input-output feedback linearizable
with output h, i.e, we need to check if the vector relative
degree p = [py,py,]7 is well defined. In order to check this
condition we derive twice the expression of h = [x; = x+
lcos(y), y1 =y +Isin(y)]" and we get

|:xl] _ [COS(V/) —sin(y) [ Fy(vyr)—vr—Ir?
V1 sin(y) cos(y) ur+X (u)r+Y (u)v-+Fy(u,v,r)l

+ o) o] 5. )
—_——

B(y)

From (5), we see that the system has a well-defined vector
relative degree since py, = py, =2 for [ # 0 since B(y) is
non-singular for / # 0. Note that / = 0 makes B(y) singular
and therefore the pivot point cannot be chosen as output.

In order to perform an input-output feedback linearization
we define the change of coordinates

=y (6a)
2 =r (6b)
1 =x (6¢)
& =n (6d)
&3 =u,cos(y) — v, sin(y) — risin(y) (6e)
&4 =u, sin(y) + v, cos(y) + ricos(y). (69)

Note that we cannot take & = &,& = & since this would
imply that our change of coordinates incorporates the knowl-
edge of the ocean current. Since we assume that we do not
know the ocean current, our change of coordinates results in
& =& —Vy,& = & — V. Therefore, &, & are the relative
velocities of the vehicle in the global frame.

Using the new coordinates, (3) can be rewritten as

21 =22 (7a)
20 =F,(21,63,84) + 1, (7b)
(8] =[&] +[%] (70)
2 Fe, (21,63,84.V2,Vy) S —Isi -
[gﬂ - {FZ(zi,éz,éivxyi)] [Zf;g;; zczs?(flﬂ (2] a9
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where

Fey (21,63,64.V0, V) _ [cos(ql) 7sin(l¢/)} [ Fyp (vpyr)—vpr—dr? }
Fe, (21,85,84) sin(y) cos(y) | Lupr+X (ur)r+Y (ur)v+F (ur vy, 1)1

(®)
and F,,(z1,&3,84) is obtained from F(uy,v,,r) substituting
u, = E3cos(z1) + Easin(zy), v, = —&ssin(z) + Eacos(z1) —
22!, and r = zo. Now we apply the following changed input
in order to linearize the external dynamics

Tu _{cos(ly) —lsin(u/)}71 —Fe, (21,83.64) +m ©)
T, |~ Lsin(y) lcos(y) —Fg, (21.83.84) i |

In (9), the terms u;, lp are new inputs which are defined in
Section V in order to solve the trajectory tracking problem.
After substituting (9) in (7) we obtain

i1=2 (102)
== ((n—57) (Goos(z) + &sin)) + 2+ 3 ) 2o

— (% (& cos(z1) + &sin(z) + 1) (s sin(z1) — & cos(z1)) +

- B el (100)
& =&+, (10¢)
& =&+, (10d)
& = (10e)
& =t (10f)

Since the state z; in (10b) appears only as argument of
trigonometric functions of period 27, we can consider (10a)
to (10b) to take values on the manifold Ml =S x R where S
is the one dimensional sphere.

IV. CONTROL OBJECTIVES

In this section we formalize the straight line trajectory
tracking problem for ASVs and AUVs in the presence of
an ocean current of unknown magnitude and direction. Our
control objective is to make the point h follow a desired
trajectory. As already mentioned above, we focus on straight
line trajectories and constant forward velocity. Without loss
of generality we choose the trajectory aligned along the
global x axis resulting in &, = uqt,&, = 0, where ug is
a chosen positive constant and ¢ is the time. From (10), we
need &3 — ug —Vy, & — —V;. The control objectives are thus

,152(@1 —ugt) =0 (11a)
}g{}céz =0 (11b)
lli_>r1.}o(§3—(ud—vx)):0 (11c)
tim (& — (1)) = 0. (11d)

Notice that the control objectives are based on the knowl-
edge of V,,V,. However, we have already assumed that the
vehicle does not know V. For this reason, we include an
integral action in the controller in order to compensate for
and estimate the ocean current. We consider the following
assumption to hold

Assumption 7: The linear velocity is such that uy; > V,.
Furthermore, the vehicle’s thrusters provide enough power
in order to overcome the ocean current disturbance.

Remark 4: This is a necessary assumption in order to have
forward motion of the vehicle.

Remark 5: Note that controlling the position of h, the
pivot point (x,y) may be as far as [ from the trajectory.
However, this is not a problem, since, if we choose h in
correspondence of a sensor (e.g., a camera) which has to
follow a given trajectory, our goal is to have h to track the
desired trajectory.

V. THE CONTROLLER

In this section we design the control law p = [uy, )" in
(10) in order to fulfill the control objectives (11).

In order to make the output track the reference trajectory
while compensating for the unknown ocean current distur-
bance, we choose the following new inputs

==k (83— 8,) —kp (& = &1,) — ki (81, = &1,) (122)
Mo ==k, (84— &) —kp, (82— &2,) — ki (&2, — &2,) (12b)

where k,,x,k,,),,kvx,kvy,klx,k@ are positive real gains, é,-l =
J & where i€ {1,2,14,24}, and &, = &, = 0. Based on
disturbance rejection theory for linear systems [17], the
integral states &j,,&,, are used in order to compensate for
the ocean current disturbance and obtain an estimate of V.

VI. MAIN RESULT

In this section we present the main result. In the following
theorem the conditions under which the controller (9) makes
the system achieve the control objectives (11) are given.

Theorem 1: Consider an under-actuated marine vehicle
described by the model (3). Consider the hand position point
h = [x,y1]7 = [x+lcos(y),y +Isin(y)]T, where [x,y]” is
the position of the pivot point of the ship, [ is a positive
constant and y is the yaw angle of the vehicle. Then define

Ug = /(g —Vi)>+V?2 >0 as the desired relative velocity

magnitude and ¢ = arctan gud_‘/{/« as the crab angle. If
Assumptions 1-7 are satisfied and 1f
0<Us< $ (13)
ky; >0, kp, >0, k;, >0, i€ {x,y} (14)
kykp, >ky, i€ {x,y} (15)
X
l>max{mzz,—2} (16)
my 1o

then the controller (9), where the new inputs [, ll» are given
by (12), guarantees the achievement of the control objectives
(11). In particular, (ZI:Z2751752>€3754) - (¢707Mdt707ud -
Vi, —Vy) almost-globally asymptotically. Furthermore, the
steady state values of the integral variables give an estimate
of the ocean current:
X:klx(glliv 611d>—|—ud, ‘/yzkly(éz/ivFZI”’)- a7
Remark 6: From XFigure 2 it is clear that the crab angle
¢ is the yaw angle the ship has to move with in order
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Fig. 2: Internal dynamics and pendulum dynamics similari-
ties. When h is on the path the ocean current makes P swing
around h.

to counteract the ocean current effect. This is how an
experienced helmsman acts to compensate for ocean currents.
Typically this has been set as a constant crab angle, and
if chosen too small the ASV/AUV drifts, and chosen too
large, the ASV/AUV uses more energy than necessary since
it is hydrodynamically less energy efficient for a ship/torpedo
shaped form to travel with a heading transverse to the
path. Notice that we assume an unknown ocean current and
therefore also ¢ is in general unknown. However, the integral
action in (9) takes care of compensating for the unknown
value of the constant disturbance.

Remark 7: Note that ¢ is constant, and this implies ¢ = 0.

Proof:  Applying the change of variables 7} = z; —

(p D=n— ¢ =22, 511 511 511 7‘;::21 521 5211 él él
uqt, 52 =&, 53 =&—(ug—V, ) 54 = §4+V and defining the

vectors 7 = [71,%]7 ,§ [51,,52,751,52753,54] , the closed-
loop system can be written as
§=H:(21)i+G(2.8,8)8 (182)
§ =H:& (18b)
where G(-) is reported in Appendix I and
1
[ (ccos(z —(acos(zy)+b) 19)
( ) b=Y,+% (20)
c="100 d=2% 1)
0 0 1 0 0 0
0 0 0 0 1 0
H:=| 0 0o 0 0 0 1 (22)
—kyy 0 —kpy O —ky O
0 ~kyy 0 —kp, O —ky

where, according to Assumption 6, we have ¢,d > 0 and (13)
implies d > c. Furthermore, the condition (16) implies also
a,b > 0. We now study the stability properties of the external
dynamics (18b) and the tracking dynamics (Equation (18a)

with G(Z, 53,54)5 = 0) and then the stability properties of
the overall system (18).

A. The external dynamics

The equilibrium point of (18b) is (0,0,0,0,0,0). The
matrix Hgz is Hurwitz for &k, kp k; respecting (14-
15). Thus, we have that the origin is globally expo-
nentially stable, and thus that [&;,,&,,&1,&,E3, 847 —
(61, + kVi/ki 84y, + ke, Vi / ki, ugt, 0,ug — Vy, =Vy]T,
globally exponentially.

Remark 8: Notice that from the integral states we obtain
an estimate of the unknown ocean current when the steady
state condition is reached. In particular, we have

ke (81,81 kiy (82,82 )

x = Ty +uq, y = [ (23)
B. The tracking dynamics
Let us now focus on the tracking dynamics:
21 =22 (24a)
2 =—(acos(z1) +b)za — (ccos(z1) +d)sin(z1).  (24b)

As said in Section III, the system (24) can be studied on the
manifold M =S xR = {(cos(0),sin(8),r) | 6 € R,r € R}.
The system (24) has two equilibria , and they are

E,=(1,0,00eM E,=(—1,0,0)eM 25)

where E; is a stable node, while, due to the assumption d > c,
E, is a saddle point, which implies that it is an hyperbolic
equilibrium. Let us now define Z; = [sin(Z1),%2]” and the
following Lyapunov function candidate (LFC)

_ 1T | 24¢ ~
W =3% {“a“l‘]zﬁ—
——
P.

s

We have that W > 0 V(cos(Z;),sin(%),
and W = 0 only for (cos(?;),sin(3),?
derivative is

(ab+d)(1—cos(Z1)).  (26)

%) e M—{[1,0,0]}
») = (1,0,0). The

W= _ZZ {g a(dJrcSos(Z]))] s (27)
—_——
0z
where
W <0 ¥(sin(z1), ) # (0,0). (28)
This proves that (sin(Z;),Z2) = (0,0) is GAS. However,
sin(Z;) = 0 corresponds either to cos(Z;) =1 or cos(Z;) = —1

on the one-dimension unit sphere. But, as said above E, is
unstable and hyperbolic. Then, according to [18, Theorem
3.2.1] we have that E, has a stable and an unstable manifold
W W), respectively. The unstable manifold 7,/ is tangent
to the eigenspace spanned by the positive real part eigenvalue
of the Jacobian matrix of the system (24) evaluated at E,.
This manifold is therefore one-dimensional and converges to
the only other equilibrium point of the system, that is Ej.
The stable manifold %,  is also one-dimensional since it is
spanned by the negative real part eigenvalue of the Jacobian
matrix of (24). Since the system (24) evolves on the manifold
M = S x R, which is 2-dimensional (it is a “pipe-shaped”
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manifold, that is, it is a cylindrical surface in the space),
we have that % has one dimension less than M and has
therefore zero Lebesgue measure.

At this point we can conclude that all the trajectories
which do not start on %#;’ converge to the point E. Fur-
thermore, since #,’ has zero Lebesgue measure, we can say
that E; is almost-GAS.

C. Stability of the complete system

Since (18b) is GES, we have two positive definite matrices
Pg, Qg such that they satisfy the Lyapunov equation HgTPg +
PgHg = ng. Thus, we choose the following LFC

V=W+x&PE (29)
where W is the same as in (26), and k¥ > 0 still to be

determined. Deriving (29) along the direction of (18) we
obtain

v < —Z QZZY

g (30)
For G(-) and W it holds that

G(z,&,&) <Gi(|EIDIIZ) + G2(I€) < Gl + Ga
8W {a +c+ b+d a}

<z
az H = ||ZS‘H a 1

\smmm

where G| = Gl(é_) G, = 62(5), and & is the upperbound
of ||&]|. Let )me lm‘“ 7L““" lm‘g‘“ denote the minimal
eigenvalue of Pz“ P, QZ, Q,;: respectively. Since (18b) is
GES, there exists a time ¢* such that for all # > #*: IE()| <
Ag:" /(201 Gy). For 1 <™ and

2AMing. G ‘Elmin -
(0 1Y164p
k> alG3 (xgm min g 00 M )

"
we have

V <2002 — 1 &T0: &+ aullz | (Gi 1z ]I+ G2)&
< a1Gi& a2 = AZ" 1z + o Gal|z 1€ — <AZIE N1

200G éK'l;,nm 200G
= Ei~ t WE (091 1‘:
<@+ < 2y
Py P,

so V(¢) remains bounded for 7 < ¢*. For t > t* we have

V<2102, — k ETQ:E + an |Z,]|(Gh |2, ]| + Ga) €

1, ini~ A = 1111 E
< =5 A8 5P + e G|z 1€ - kA NIEN?

3D
(32)

which is negative definite for x > 2a?G3/ (ké“;“lgg“).
Thus the system always converge to the equilibrium
(sin(Zl)jzf) = (0,0,0;46). The state Z; converge either
to Z; =0, of Z; = 4, so we can conclude that (Z,&) =
(01%2,016) is almost-GAS. |

D. Path following control

The path following problem consists of a geometric task
which is fulfilled when the vehicle reaches a straight-line
path. In addition, the ship should move along this path
with a desired constant forward relative velocity. The main
difference with the trajectory tracking stays in the fact that
there is not a time constraint on the along-path position.
In fact, the along path position & is left uncontrolled [10].
With our approach we can fulfill also the path following task
slightly adapting the auxiliary controller (12). We consider
the NED frame such that its x-axis is aligned along the
path. This choice does not cause any loss of generality. We
describe a linear path as the set &2 = {(&;,&,) € R?|&, =0}.
The path following problem is then described by the control
objectives (11b), (11d) and

lim (& —uq) =0

—o0

(33)

and u,; > V,. Note that since we do not have a time constraint
on &; we do not consider it in our control objectives. In order
to fulfill (11b), (11d) and (33), we choose

=—ky(&—&,) (34a)
M ==k, (84— Ca,) —kp, (82— &2,) — ki (&2, — &) (34D)

where &3, =uq, &4, = (Lézdl = [&,,. For the path following
task we have the following corollary of Theorem 1
Corollary 1: Consider an under-actuated marine vehicle
described by the model (3b-3f). Consider the hand posi-
tion point h = [x1,y;]” = [x+1cos(y),y +Isin(y)]”, where
[x,y]” is the position of the pivot point of the ship, [ is

a positive constant and y is the yaw angle of the vehicle.
Then define Uy = /u3+V}? as the desired relative velocity

'y

= -V,
and ¢ = arctan ( 0

as the crab angle. If Assumptions 1-7
are satisfied and if

U, <% (35)

ky, >0, ky, >0, k;, >0, i € {x,y} (36)

kykp, >ky, i€ {x,y} (37)
X

l>max{mzz,—2} (38)
my 1o

then the controller (9), where the new inputs [, ll» are given
by (12), guarantees the achievement of the control objectives
(11). In particular, (z1,22,,83.&) —  (0,0,0,uq,—V))
almost-globally asymptotically.

Remark 9: Tt is common for path following control laws
(e.g. ILOS [10]) to control the body frame forward velocity,
i.e., the surge velocity u — uy instead of the along-path
velocity, and leave the position along the x axis of the
NED frame uncontrolled. In the presence of an unknown
ocean current, the vehicle has to keep an unknown crab
angle ¢ in order to stay on the path due to the under-
actuation. Therefore, the velocity u is misaligned with the
path. This results in an absolute velocity in the NED frame
Uy = udcos((ﬁ) in the steady state, i.e., when the vehicle
is on the path. With our approach, i.e., defining & = uy
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Fig. 4: Time evolution of the error states and ocean current
estimates.

and leaving &; uncontrolled, we are assigning the desired
along-path velocity. This implies that the body frame forward
velocity u, = ugcos(¢) — Vysin(9).

VII. SIMULATION RESULTS

In this section a simple case study is presented in order to
validate the theoretical results given in Section VI. Using
the model of the LAUV (Light Autonomous Underwater
Vehicle) given in [19] we define a desired straight-line
trajectory fixed along the global x-axis. The desired linear
velocity in the inertial frame is uy = 1[m/s] and &; .=
1#[m]. The initial orientation of the vehicle is yi|,—o
Z1]i=0 = 45° and the initial position is [xi],—0,y1|=0]” =
[E1]i=0,&2]i=0]T = [~10,50]"[m]. The controller gains are
chosen as k, =k, =10, k, =kp =.5 and k; =k, =
0.007. We consider an ocean current (unknown to the control
system) V = [V;,V,]T = [~0.05,0.16] [m/s]. From Figure 3
we can see how the ship approaches the desired trajectory
with a smooth motion, and how the y,r reach a steady state
condition. Note that ¥ — ¢ ~ —8.66°. From Figure 4 we can
see that all the control objectives (9) are achieved smoothly,
and how at the steady state condition we can exploit the
integral state in the controller (12) in order to obtain an
estimate of the unknown ocean current. Finally from Figure 5

-10 L L L L L L L
0 50 100 150 200 250 300 350 400
t [s]

230 L L L L
0 50 100 150 200 2

t[s]

0 300 350 400

S

Fig. 5: Control inputs 7,, 7.

we can see the time evolution of the control inputs 7, 7, they
set to the steady state values 7, = 10[N] and 7, = 1.5[kN].

VIII. CONCLUSIONS AND FUTURE WORK

In this paper we have presented a new approach for
trajectory tracking of straight lines for ASVs and AUVs
moving in a horizontal plane. We take into account the effect
of unknown irrotational ocean currents. We adopt from recent
results for ground vehicles the definition of hand position to
marine vehicles, and then we use the feedback linearization
method to reduce the problem of controlling a second order
non-holonomic vehicle, i.e., the ASV or AUV, to the problem
of controlling a simple double integrator. In particular, the re-
sulting system has a double integrator as external dynamics,
and we prove that the resulting internal dynamics is almost-
GAS. The main advantage of our approach is given by the
fact that we can choose the hand-position as a point located
on the center line of the vehicle, maybe in correspondence
of a certain sensor (e.g., a camera) and steer this point to
a straight line trajectory using a simple PID controller. In
future work we build on this result to extend well-known
control strategies for double integrators for consensus based
formation control. We furthermore propose a straight-line
trajectory tracking controller and prove that the closed-loop
system is almost-GAS. The controller is also shown to
provide an estimate of the ocean current.

APPENDIX [
EQUATIONS
F, (vy,r) & 11 (mzzv,+m23r)r— oy Urs (39)
A migmyz—m3y 2 dyymyz—dysmay
Xi(M) = mymsz—m3, X(M,D) = Myyms3—m3y “40)
& (my—my)my 2 domy—dypimy
Yi(M) = My —m3; (M, D) = M2 M33 —Myy “1)
X(u) = =Xjur+Xp Y (ur) & =Yiu, —Ya, “2)
A myzdyn—my (dap+(mp—myy )u,)
Fr(ur,vr,r) = Mz —m3s '
(43)
s (da3+myyuy) —mao (d33+masuy) ’
mzzmaafmgs ’
. 0 0 00 0 0
G(z:85,80) = | _sina) wosla) ooty prgy| @4

az&)2 - <(Y1 Ugcos(Z1)? + Y Uy cos(Z ) sin(Z)) + Yasin(3)
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+hassin()cos(zy) + (1 + X7t ) peos(z)) @)

B(z.65,8&4) 2 Y1Uysin(Z)) cos(Z)) + Y1 Uy cos(Z1) + Yz cos ()

(1]

(31

(5]
(6l

(7]
(8]

(9]

(10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

(18]

(19]

+Y1&;sin(2)) + Y cos(51)2E — ¥y cos (2 ) sin(2)) &4+
+ (—Y1 + X‘f) Zsin(g))
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