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Abstract

In this paper the problem of global trajectory tracking control for the chained form system
and the kinematic model of a mobile robot is considered. We develop an observer based con-
troller using a cascaded system approach, resulting in K-exponential convergence of tracking
error. Simulations are provided to illustrate theoretical results.

keywords: mobile robot, chained form system, observer, trajectory tracking, cascaded
system.

1 Introduction

Modeling and control of nonholonomic systems received significant attention during recent years.
One of the problems connected to the subject of control is that of following a given reference
trajectory (a trajectory tracking problem).

Several control schemes considering this issue have been proposed, based on different ap-
proaches. In [4], [8], [7] the linearization of the error model was used. In [1] the idea of dynamic
feedback linearization was proposed. Global tracking results using integrator backstepping tech-
nique may be found in [3] and [2]. In [9] linear controllers based on cascaded systems approach
have been designed.

The controllers mentioned above ensure local or global tracking of a reference trajectory,
whereas most of them assume that all state variables of the considered system are directly mea-
surable. However this is an ideal case, which can hardly be met in physical systems. In practical
cases some state variables cannot be measured or the cost of measuring these variables is so high
that one usually avoids using expensive sensors.

In this paper we design observers for a unicycle model and for an equivalent three-dimensional
chained form system. For both systems we propose controllers which ensure K-exponential con-
vergence to zero of trajectory tracking errors in the closed-loop systems.

The full state observer for a three-dimensional chained form system is defined as a copy of the
system being observed with additional terms which assure the convergence of observation error.
Then using a lemma from adaptive control we show the exponential convergence of the observer
error. In the design of the reduced order observer we use a result for linear systems, where the
observer estimates a new variable defined as a linear combination of unknown and known variables.
In our definition of the new variable we use a time-dependent term instead of the constant gains
used customarily in linear systems. The proof of convergence is based on the cascaded systems
approach.

The difficulty encountered in the case of the unicycle model is observing the orientation angle
which appears in the position dynamics in the form of nonlinear terms. To avoid this difficulty,
we define a four-dimensional system equivalent to the basic, three-dimensional model. Then we
find an observer being a copy of the new system and use a Lyapunov function to prove the global
asymptotic convergence of the observer error.

With regard to the problems mentioned in the case of full state observer we have resigned
from searching for an observer of the orientation angle. Instead, we modify the controller given
in [9] by replacing the angle with a certain its function and design the observer to estimate this



function. Finally we demonstrate that the error in the closed-loop system with the new controller
both using the original angle and the observer output tends to 0 K-exponentially.

The paper is composed in the following way. Further in this section we present basic concepts
and lemmas used in the paper and formulate the main problem. In section 2 the problem of
observer design for a chain-form system is considered. In section 3 we design observers for the
model of unicycle. Section 4 contains conclusions referring to the obtained results.

1.1 Preliminary results

Barbilat’s Lemma. If f(t) is a differentiable function on IR, with lim f(t) = m < co and if f(t)

t— oo

is uniformly continuous, then lim f(t) = 0.
t—r oo

Lemma 1. As a consequence of Barbalat’s lemma, if a function f(t) is lower bounded on IR and
f(t) is negative semi-definite and uniformly continuous in t then lim f = 0.

t— oo
Definition 1. A continuous function ¢ : [0,a) — [0,00) is said to be a class K function if it is
strictly increasing and ¢(0) = 0.

Definition 2. A continuous function 5 : [0,a) x [0,00) — [0,00) is said to be of class KL if, for
each fized s, the mapping B(r,s) belongs to class K with respect to v and, for each fized r, the
mapping B(r,s) is decreasing with respect to s and B(r,s) — 0 as s — oo.

Consider the system
z = f(t,x) Vt=0 f(t,0)=0, (1)
where f(t,x) is piecewise continuous in ¢ and locally Lipschitz in z.

Definition 3. A function f: IR" x IR"™ — IR is said to be positive definite if
1. if is continuous respect to t and x
2.Vt € R" ft,x) = fo(z) where fo(z) is a time invariant positive definite function i.e.
Ve #£0  fo(x) >0 and fo(0) = 0.
f(t,x) is positive semidefinite if Vo fo(x) > 0. The function f(t,z) is called negative definite or
negative semidefinite when — f(t,x) is, respectively, positive definite or positive semidefinite.

Lemma 2 (See [3]). If in the scalar system
&= —cx+ p(t),

¢ > 0 and p(t) is bounded and uniformly continuous, and if for any initial condition x(t) is bounded
and converges to 0 as t — oo then
lim p(t) = 0.

t—o0
Definition 4 (Persistence of excitation). A function w(t), w: IR — IR" is said to be persistently
exciting if there exist positive constants § and k such that
t+0
/ w(r)w? (t)dr > kI, Vit = to (2)
t

Lemma 3. (¢f. [5]). Consider the system

[ 53 ] = { mf&cg Pt 10 } { 5 } (3)

wheree € R", ¢ € IR™, A, is a nxn Hurwitz matriz, b, and c,, are nx1 vectorsy > 0. Assume
that M(s) 2 cT (sI — Ap) by, is a strictly positive real transfer function, i.e. Re[M (iw)] > 0 for
all w € R. Then ¢(t) is bounded and

lim e(t) = 0.

t—o00



If in addition w(t) and w(t) are bounded for all t > ty, and w(t) is persistently exciting then the
system (3) is globally exponentially stable.

Definition 5. The system (1) is uniformly stable if for each € > 0 there exist § > 0, independent
of to, such that
Vt>tg =0 lz(to)ll< d = ||z(t)||< €

Definition 6. The system (1) is globally uniformly asymptotically stable (GUAS) if it is uni-
formly stable and there exists a class KL function B(-,+) such that for all initial states x(to)

Vizto 20  [lz@)]< B(lx(to)l, t —to)

Definition 7. The system (1) is globally exponentially stable (GES) if there exist positive con-
stants K and ~ such that the solution x(t) satisfies

Vt>to ()< |z (to)| Ke )

Definition 8. The system (1) is said to be globally K-exponentially stable if there exist v > 0
and a class K function k(-) such that the solution z(t) satisfies

vizto [zl k(l|lz(to) e

Theorem 4 (Converse Lyapunov theorem cf. [5]). Consider the system (1). Assume that the
equilibrium x(t) = 0 is globally exponentially stable. Then there exists a class C* function V :
R" x R" — IR that satisfies
cillz|P< V(¢ 2) < eoflz)?
8V ov
o t 5o 6o < —cslla]?

Ox
2
52| < cael

for some positive constants cq, co, c3 and cy.

Theorem 5 (Cascaded systems, see [10]). Consider the system

i@ = fi(t,z) + gtz y)y
22: y:fQ(tay)

where x € R™, y € R™, f1(t,x) is continuously differentiable in (t,z) and f2(t,y), g(t,x,y) are
continuous in their arguments, and locally Lipschitz in y and (x,y), respectively.

We can view the system (4) as the system & = fi(t,x) that is perturbed by the state of the
system § = fa(t,y). The cascaded system (4) is GUAS if the following three assumptions hold:

(4)

1. For X1: the system & = f1(t,x) is GUAS and there exists a continuously differentiable func-
tion V(t,z) : R>o X IR" — IR that satisfies

W(x) V(t,x),
Gr + %5 filt,x) <0, Vz| >,
15 el < eV t),  Hlall >,
where W (x) is a positive definite proper function, ¢ > 0 and n > 0 are constants, ||-|| means

FEuclidean norm of a vector,

2. For the interconnection: the function g(t,x,y) satisfies for all t > to

lg(t 2 o)l < O (llyl) + G2 Clly DIz,

where 01,02 : IR>o — IR>( are continuous functions,



3. For Yo: the system y = fa(t,y) is GUAS and for all ty > 0:

/ ly(t, o, y(to)) e < £(llu(to)]).

where the function k() is a class KC function,

Lemma 6. If the assumptions of Theorem 5 hold and in addition © = f1(t,x) and § = fa(t,y)
are globally K-exponentially stable, then the cascaded system (4) is globally K-exponentially stable.

Remark 1. When the system y = fao(t,y) is K-exponentially stable

o0 o0 - 1 -
/ ly()llde < / Elsole~"de = ~F(lolhe"
to

to
then the assumption on Y5 of Theorem 5 is satisfied.

Remark 2. If the system @ = f1(¢, x) is GES the existence of a proper function V' (¢, z) in Theorem 5
is guaranteed by Theorem 4.

1.2 Problem formulation

X

Figure 1: The mobile car

A kinematic model of a mobile car with two degrees of freedom is given by:

T =wv cosf
y=v sing, (5)
0=uw

where (z,y) are the midpoint of the rear axis coordinates, 6 is the heading direction, v is the
forward velocity of the car and w is the angular velocity (see Figure 1).
With the following change of coordinates and the feedback transformation
I = 0
xo = xzcosf + ysinf (6a)
r3 =xsinf — ycosl

{ = (6b)

U9 =V — WI3

the system (5) is transformed into the chained form:

’jll = U1
’jjg = U2 (7)
3'33 = U1T2



The problem studied in the sequel is to find controllers for systems (5) and (7) which guarantee
tracking a given reference trajectory when one of the state variables cannot be measured.

With this purpose we first design an observer estimating the unknown coordinates or the whole
state vector. Next, we modify one of the known controllers replacing unmeasurable states with
their estimates and determine the conditions under which the combination of the observer and the
controller tracks the reference trajectory asymptotically.

2 Tracking a chained form system

2.1 Controller
A reference trajectory for the chained form system (7) is given by the following equations
T1r = Uiy

3-327“ = U2y (8)

3-337“ = Ulr T2r
We define the tracking error as €, = * — @, with the dynamics

Tle = U1 — ULy
Toe = U2 — Uy 9)
T3¢ = UL T2 — ULy Top

Proposition 1. Consider the system (9) with the state feedback

U1 = U1y — C1 T1e
(10)

U2 = U2y — C2 T2e — C3 UL T3e

If c1, co, c3 are positive constants, xo, is bounded, and if uy, is persistently exciting then the
closed-loop system (9, 10) is globally KC-exponentially stable

Proof. From (9) and (10) we obtain the following closed loop dynamics

Tie = —C1Tle (11&)
Tge = —C2T2e— C3ULT3e (11b)
T3¢ = U1T2 — Top Ul + Top UL — ULy Top = (11c)

Ul T2e + (U1 — Uir)T2r = U1 T2e — T2y €1 Tie

Here the subsystem (11a) is exponentially stable with the solution z1.(t) = z1.(0)e~“**. Since z1,

tends to 0 and thus is not persistently exciting and since we have assumed that u, is persistently

exciting, it follows that u; defined as in (10) satisfies the persistence of excitation condition.
Denote & = [w2. x3.]7, then the subsystems (11b) and (11c) can be put in the form

o o I o I R O SRR ST (12)

T3¢ Uy T3e C1T2r

We can treat (12) as a system £ = F(t)¢ perturbed by the state of (11a). Since x, converges to
0 exponentially, it satisfies the integrability condition of X5 of Lemma 5.

Then using Lemma 3 we find that system & = F(t)¢ is globally exponentially stable. Hence
from converse Lyapunov theory it follows that there exists a function V satisfying assumptions on
Y1 of Theorem 5. The boundedness of o, guarantees that the interconnection assumption is also
fulfilled.

Hence, using Theorem 6 we conclude that the system (9) is globally K-exponentially stable. [



2.2 A full state observer for a chained form system

In this section a system in chained form (7) with two outputs is considered:

T1 =uy
jJQ = U
3'33 = U1T2 (13)
hr=21
Y2 = T3.

The goal is to find an observer for the system (13). The idea is to find an observer defined as
a copy of the system (13) with an additional correction term f. We try to determine f such that
the state of the observer converges to the state of the system

Z1 = ur + fi(#1, B, &3, u1, Uz, Y1, y2)
Ty = us + fo(#1, do, &3, ur, U, Y1, y2) (14)
T3 = urds + f3(&1, 32, &3, u1, u2, Y1, Y2),

where f1, f2, f3 are to be determined.

If we define the observer error as € = © — & then the error dynamics become

1 = — f1(&1, T2, T3, u1, u2, Y1,Y2)

Tg = — fo(#1, T2, T3, U1, U2, Y1,Y2) (15)

Iy =uids — f3(21, 32, &3, u1, u2, Y1, Y2).

When the system (15) is globally asymptotically stable at 0, the estimated state & tends to
the real state .

Proposition 2. Consider the system (15) with functions f1, fo and f5 defined as follows

f1=a12;
f2 = axurZs (16)
f3 =a3Z3

where ay,as,as > 0 are tuning gains. Then, assuming that w; and u; are bounded and wu; is
persistently exciting, the system (15) is globally exponentially stable at 0 and thus (14, 16) form
an observer for the system (13).

Proof. We notice that system (15) with f defined as in (16) may be treated as two separate systems
71 and [Tz 73]7, in which the subsystem Z; = —aj Z; is globally exponentially stable.
When we represent the second subsystem in the form

$L3 —as Ul T3
I — - 1
=L B B w
hence, using Lemma 3, we find M (iw) = (iw + a3)~! which has real part greater than 0 for all

w € IR. From the assumption that u; and %; are bounded and wu; is persistently exciting from
Lemma 3 we conclude that the system (17) is globally exponentially stable. O

2.3 Observer performance

The behaviour of the observer was tested using MATLAB. The figures contain time characteristics
of Z3 and Z3 only, because Z; is an independent variable with the solution #1(t) = #1(0) e ¢,

To show exponential convergence all graphs were plotted in semilogarithmic scale. Initial values
of the errors were set at 1.
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Figure 2 shows the errors of the observer for different inputs fulfilling the assumptions. Fig-
ure 2(a) presents time characteristics for constant control input u; = 1 with gains as = 1000 and
as = 100. In Figure 2(b) errors for input u; = sint and gains as = 1000 and as = 10 is shown.

Next figures present the influence of increasing gains. In Figure 2(c) as = 100, a3 = 10,
comparing to Figure 2(d) where as = 10000, a3 = 100, one can notice smaller oscillations of the
variable x2, but also longer convergence time.

As one can see choosing proper values for gains improve performance of the observer remark-
ably.
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Figure 3: The observer (14, 16) in case when input u; is not persistantly exciting

To check if the assumptions on persistant excitation of u; are necessary simulations for inputs
up =0, u; = et and u; = 1/v/t were made (see Figure 3).

In the cases of u; = 0 (Figure 3(a)) and uy = e~* (Figure 3(b)) when the [;° uf(t)dt = ¢ < oo
the error 3 does not converge to 0. In the case of u; = 1/y/t (Figure 3(c)) the integral is infinite,
but u; is not persistently exciting therefore Z5 tends to 0 although not exponentially.

2.4 A reduced order observer

The observer (14, 16) reconstructs all three state variables although two of them are known.
However, it is possible to use a reduced order observer instead of the full state observer and
estimate only the unknown variable 5.

With the purpose of combining an observer with the controller (10), an observer estimating
the closed loop system error (11) is proposed.



The error dynamics (11) can be put into the following form

:ble —C1 0 0 Lie

Te = Toe| = 0 —co  —c3u | |z (18)
T3¢ —C1Tor UL 0 T3¢
Y1 Tle

v = |n]= ] 19

A reduced order observer for this system comes from a result for linear systems (see [6]).
First we define a new variable z

z=mge — [b1(t) ba(t)] [

Tle

2] = a0 - B 20

where B = [b1(t) b2(¢)] and b1, be are function we choose to guarantee asymptotic stability of the
observer. The derivative of z is given by
4= —comye — cyurrs. — By — By =
= —(bou1 + €2) (22 — By) — (bour + c2)By — csuraze — By + bicizie + bociwa,zie = (21)
= —(bauy + ¢c2)z — (bauy + c2)By — cauix3e — By + biciz1e + baciza, 2.
An estimate of z can be calculated as
2= —(bouys + c2)% — (bous + c2)By — csurz3. — By + biciz1e + baci2,71e (22)
With estimation error Z = z — Z, the error dynamics become
7= —(byuy + c2)Z (23)

where ¢ is a positive constant. Then choosing B(#) = [0 ajuq(¢)] with a; > 0 and assuming that

u1 is bounded we find that the system (23) is globally exponentially stable. The value of b(t)

does not influence the convergence, however choosing by () = 0 simplifies the update law for 2.
Using this result we define an estimate of xo,

Z2e =2+ B(t)y (24)
From (24) and (22) with Z3. = x2, — &2, wWe obtain

Toe = Z+ar1ui1dze + 10173, =

2~ A
A1UTT2e — C2T2e — C3U1IT3e

Toe = —(aru? 4 c2)¥2e

2.5 The controller using the reduced order observer

In the controller (10) the input ug is a function of the unknown state xo.. However, we are able
to obtain an estimate o, for zg. using the observer (22, 24). We prove that after replacing za.
with Zo. in the control law, the trajectory tracking error still converges to 0.

Proposition 3. Consider the system (9) with the following control law

Ul = U1y — C1 T1e

. (25)
U2 = U2pr — C2 X2e — C3 UL T3e
and To. defined by
i‘ge = Z+ A1UIT3e (263,)
X 2 ~ 2 .
2 = —(aqui + c2)Z — (a1u] + c2)a1u1T3e — C3UIT3e — G1UIT3e — A1CIUI T2, T1e.  (26D)

If c1, ca, c3 and ay are positive constants, xo., U1, and w1, are bounded and if ui,- is persistently
exciting, then the combined system (9, 25 and 26) is globally K-exponentially stable, hence the
closed loop system trajectory converges to the reference trajectory.



Proof. From the dynamics (9) and the control law (25) we obtain the following equations

9.5'16 = —C1T1e (273,)
Toe = —Cod9e — C3UIT3e (27Db)
B3e = UL Tae — T2 C1 Tie, (27c)
where (27b) can be rewritten as
Tge = —C2 T2e + C2 T2e — C2 X2 — C3 UL T3e = (28)

= —C2 Tge — €3 U] T3¢ + C2 Toe.

Since the x9, update law depends on Zs., we replace the observer equations (26) with Zz. dynamics.
Hence combining (27), (28) and (25) we obtain the following set of equations suitable to apply the
theorem on cascaded systems.

Toe| _ |—C2 —cC3Ulr| |T2e " C1€3T3¢ ca| |T1e|
T3e Uty 0 T3e —C1T2r — C1T2e 0| [T2e

— F() [i;] + Gt s, w30) [2] (20)
Bj - [—(alzfcl—flceg)mgj (29b)

The solution of x1. converges exponentially to 0 and is bounded. The solution of Z. dynamics is
given by
Toe = 526(0) e~ f()t((l2+a1u%(7'))d7' < er(O) e—cat

Since constants co and a; are assumed to be positive, we conclude that Zo. converges exponentially
to 0. Hence the subsystem (29b) is GES and it meets the assumptions on subsystem Y5 of
Theorem 5.

According to Lemma 3, if u; and 1, are bounded and wu; is persistently exciting, the subsys-
tem (29a) is globally exponentially stable.

The assumption on linearity of the interconnection term is satisfied if zs, is bounded. Hence
from Lemma 6 we conclude that the system (29) is globally K-exponentially stable. O

3 An observer for a mobile car
In this section we consider the problem of the system (5) following a reference trajectory (z, y, 6;)

(see [4]). Let us define the error coordinates in a local coordinate system attached to the mobile
car

Te cosf) sinf Of |z, —x
Ye| = |—sinf cos@ 0O ly,—y
0. 0 0 11 16,—40

The trajectory tracking error is described by the equations

Te = WYe + vprcosl, —v
ye = —wx, + v, sin b, (30)

fe = wyr — w.
As a controller we use the result from [9].

V= VUp + C2ZX¢ (31)
W= wy + c10,.

10



Combining (30) and (31) we obtain the following closed loop error dynamics

e = (wr + c10e)ye + vp(cosh. — 1) — coxe
Ye = —(wr + c10c)xe + v, 80 0, (32)
ée = 70196.

Remark 3. Clearly, since the 6"e equation depends only on 6. one cannot reconstruct z. and y.
when only the angle is measurable.

3.1 A full state observer
3.1.1 A four dimensional observer

The full state observer is usually defined as a copy of a system with additional terms which assure
the error convergence. However, in the case of the system (5) finding the proper terms is not
trivial because of the trigonometric functions of 6 present in x and y dynamics. Therefore, we
increase the dimension of the system (5) by defining new variables s and ¢ which replace the angle

0. ;
¢ = cos

. (33)

s =sinf

Then we transform the system equations (5) to the following form
ve

vSs

wc

QW S 8

=— ws,

where x and y are assumed to be measured.

Remark 4. Since we have transformed the three dimensional system to the one with higher di-
mension, some constraint equations should appear. In our case the constrains have the form
52 4+ ¢® = 1, so the state space of (34) is an infinite cylinder. For the new system we can find
an observer although it does not necessarily satisfy the constraint equation. It appears that the
dimension of the observer is greater than the dimension of the system.

Similarly to Proposition 2 we define an observer being a copy of the system (34) with an
additional vector function f(z,y,%,4,¢, §,v,w).

li': Ué+f1
§ = v8+ fo (35)
§= wcé+ f3
é=— wi+ fa.

When we define the observation error as the difference between (34) and (35), we obtain the
following error dynamics

(36)

If the error converges to 0, we can conclude that the estimates , g, § and ¢ tend to the state
of the system (34).

11



Proposition 4. Consider an observer in the form

B
Il

ve+ a1 &
) = v5+ as Y
v Y (37)
§ = wé+  azvy
6=— wi+ asv T
with error equations _
T = VE— a1 ¥
= VS — as Y
Y Y (38)
§= we— asvy
c=— wi-— asv T,
where ay,asz,a3,a4 > 0. If w, v and © are bounded, and if there exists an € > 0 such that
o .
htrglogf u(t) = € (39)
then the system (38) is globally asymptotically stable at 0.
Proof. Consider the positive definite function V'
1
V:§(a4i2+a3g2+§2+62). (40)
Differentiating V along the dynamics (38) yields
V =a4@% +as i + 55 + é¢ =
= QU EC — aga T2 + a3 v G5 — ag as §? + w §¢ — agv T — w 56 — azv §§ = (41)

= —a4a1 .fQ — asag 52.
Since V > 0 and V < 0 we conclude that &, §, § and ¢ are bounded. Differentiating V we find
V = —ajay Z(vé — a1&) — agas §(v8 — a19)

which, when |[v|< vpaz, is also bounded. Therefore we conclude that V is uniformly continuous.
Hence, from Lemma 1 we know that V — 0, what results with # and § converging to 0.

From (38) and the assumption on boundedness of w we conclude that § and ¢ are uniformly
continuous. Hence we apply Lemma 2 to the #; and Z3 dynamics in (38) and obtain

lim v§ =0, lim v¢ = 0.
t— o0 t—o0

With the assumption (39) on v we conclude that § and ¢ tend asymptoticaly to 0 as t — oco. O

The main disadvantage of this observer is its redundancy, because two variables are used to
estimate §. Moreover the observer estimates only functions of § and the orientation angle has to
be calculated separately (taking for example 6 = arctan(z)).

3.1.2 Simulations

The following simulations show the performance of the observer proposed in the previous subsec-
tion. Since in most cases the angle 6, and not § or ¢, is needed, plots were plotted for 6 defined as
follows

arccos for 5>0

< __
FERw

et
Il

— arccos for §<0

< __
524-¢2
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Figure 4: A four dimensional observer for a mobile car
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All plots were made in semilogarithmic scale. Initial values of errors were equal to = 5

(§=1,6=0), 2 =10 and § = 40.

In Figure 4 observer errors for inputs v = 1 and v = sin(¢) are shown. The gains used are
a1 = as = 10 and ag = a4 = 100. One can see that the errors converge to 0 exponentially.

Figure 5 presents error characteristics when the input v is not persistently exciting. If the

input v satisfies condition
[ee]

/ v (t)dt = oo (42)

the observer still tends to 0, but not exponentially (Figure 5(c)). Otherwise, the error of the angle
converges to a non-zero constant (Figures 5(a) and 5(a)).

3.2 A reduced-order observer
3.2.1 Estimating position coordinates

In order to present a possiblity of estimating each of the state variables given in (32), we shall
design the observers for different sets of available outputs.
To observe y. we assume the following outputs

il =[]

In a similar way as in section 2.4 we introduce a new variable z being a linear combination of
known variable z. and unknown y,
z=1Yye + b(t) z,

where b(t) is a function we choose to obtain the convergence of the observer.
Differentiating z along the dynamics (32), with w = w, + ¢16,, yields
3= —wwe + vy sin b, + bx, + bwye + buy(cos O, — 1) — coxe =
= bw(ye + bre) — (W*w +w +co — b)ace + v, sin . + bv,(cosf, — 1) =
= bwz — (b2w 4+ w4y — b):ne + vy sin b, + bu,(cosf, — 1).
To simplify the equations we denote
flt,ze,0.) = —(b*w +w+co — b)xe + v, sin @, + bv,.(cosf, — 1). (43)
Then the z dynamics become
Z=bwz+ f(t,zc,0c). (44)
We use a copy of (44) as the observer

Z=bwz + f(t, e, ). (45)
Denote the estimation error . = y. —g.. Then we have to find b(¢) to stabilize the error dynamics

Proposition 5. Consider the system (82) with outputs x. and 0. and the following observer
estimating ye
Je = 2 — b(t)xe,
where % is the solution of (45, 43), b(t) = —cyw(t) = —cy(wr(t) + c16e), ¢y > 0 and
t

. 2 o
tlggo wz(T)dT = 0. (46)
0

Then §e = ye — e converges to 0 as t tends to oo. If in addition w,(t) is persistently exciting then
YJe converges to 0 exponentially.

14



Proof.

Je = e — e = 2 — &(b(D)ze) = 2+ £ (b(D)ze) =
= b(t)wz + f(t, Te,0e) — b(t)wé - f(t, Te, 96) =

. (47)
=b(t)w(z — 2 — b(t)z. + b(t)x.) =
= b(t)we
When b(t) = —cyw and ¢, > 0 the solution of (47) is
Ge(t) = ye(0)e [t w?(r)dr (48)

which tends to 0 if the integral goes to oco.

Furthermore, if w(t) is persistently exciting ¢. converges to 0 exponentially (cf. [11]).

In the closed loop system obtained from (30), (31) the solution 6.(t) = .(0)e~°**. Hence 6,
and 6, converge exponentially to 0. Since w = w, + ¢160., we conclude that the assumptions on w
given in Proposition 5 are equivalent to the corresponding conditions on w;..

O

The control law given in (31) is a function of available outputs and therefore the observer of
ye does not influence the performance of the system.
Analogously to the above result, we can define an observer for z. when the available outputs

)=

2=z + b(t)ye
2= w(t,0c)ye — catte + vp(cos O — 1) + bye — b(t)w(t, O )xe + b(t)vy sin b =
—(ca + b(t)w)(we + b(t)ye) + f(t, ye, 0e) =
—(ca + b(t)w)z + f(t, Ye, 0c)
Te=2—b(t)ye
Z=—(co+bt)w)2 + f(t,ye, be)

Hence we obtain the following observer error dynamics

Te =t —de =2 — £(b(t)ye) — 2 + £ (b(t)ye) =

If b(t) = cew and if g, ¢, > 0, then the observer error converges exponentially to 0.
After we have found an observer estimating the unknown variable x., we replace z. by Z. in
the controller (31).

Proposition 6. Consider the system

te = (wr + c10e)ye + vr(cos O — 1) — codie

Ye = —(wy + c10c)xe + v, sin b,
. (50)

where ¢, ca, C. are positive constants and T, = Te — Te.
Under the assumption that w, and w, are bounded and w,. is persistently exciting the system (50)
is K-exponentially stable.

15



Proof. We can prove stability of (50) in a similar way as in the proof of Proposition 3.
Putting the z. equation in form

Ze = (wr + c10e)ye + vp(cos e — 1) — coxe + o

we can treat first three equations included in the system (50) as the system (32) perturbed by the
observer error Z. where (32) is K-exponentially stable under the assumptions on w,, w, and ¢;
(cf. [9]), and Z. is exponentially stable if the conditions on c¢o and c. are satisfied. Hence applying
Lemma 6 we conclude that the system (50) is globally K-exponentially stable. O

3.2.2 An observer estimating the orientation angle

With the purpose of finding a reduced order observer for the system (32) when z. and y. are
measured, we first try to find an observer for the simplified system

Te = vy COS O,
Ye = vy sin O (51)
0. = 0.

Then we expect the observer for the system (51) may be extended afterwards to an observer for

the system (32).
In a similar way as in section 3.1.1 we transform (51) by setting sin 6, = s, and cosf, = c.

Te = UpCe
Ye = UrSe
Ce =

Se =0

A reduced order observer for this system is defined via

H - Ej+[blét) bz?w] H = H+BM (52)

—u,B {2] — v, B(t) [ﬂ ~B(t) [“s} . (53)

e Ye

L——

>+ >

[N

| I
I

From (52) and (53) defining 5, = s.— 8. and ¢, = ¢, —¢é. and choosing by (t) = a1v, and by (t) = agv,
where a1, as > 0 yields
Ge = —bi(t)v.ée = —arviece (54a)
ge == *bQ(t)Urge = *(12?)72«56, (54b)
which are asymptotically stable if v, satisfies the condition (42) and exponentially stable if v, is
persistently exciting (compare the proof of Proposition 5).
It is worth of noting that the equations (54) are separated. Hence, we are able to use only one
of them as an observer for 0.

When we compare 6. equations in (30) and (32) we remark that for |d.|< 7 it is possible to
use w = w, + ¢1 sinf. instead of (31) to stabilize §.. Hence we obtain

0. = —c; sin b, (55)

Define the Lyapunov function
V(f.) =1— cosbe, (56)

and differentiate it along the dynamics (55)

V = —¢;sin?6, <0. (57)

16



If ¢; is a positive constant and |0.(0)|< 7, the system (55) is asymptoticaly stable.
We can also find a(6.(0)) > 0 such that

sin? 0, > a(6.(0))(1 — cosb,).

Then (57) satisfies _
V < —c1a(0:(0))(1 — cosb.) = —c1(0(0))V

and the system (55) is K-exponentially stable.
It turns out that we can use sin 6, instead of 6, in the control law. Then we should extend the
observer estimating sin 6. for the simplified system (51) to the case of the system (30).
Define the new variable z
z = sinf, — av,Ye.

Its derivative along the dynamics (30) is given by
%= (w—wy)cos b — at,ye + av,wre — av?sinb,.
Denote 1 = sinf, and 1[) = s/i;lﬁe. Hence, we define the observer

1/3 = Z4avYe (58a)

;= —aUYe + AV WTe — avfé - a%fye. (58b)

With the observer error ¢ = P — 1&, the observer error dynamics are given by

¥ = (w— w,) cos b — avi). (59)

3.2.3 A controller based on the reduced order observer

The equation (59) describes an observer for the system (30). Since the dynamics of ¢ contain
a term depending on 6., we need to study the stability of the combined observer (59) and the
update law for 8, coming from (30). We consider the case of the input w is given by

w = wy + 1 (). (60)
Combining the equations for 6. and 1[) with the control law (60) yields

ée = —Cl(t)’(z
QZ = fcl(t)z/; cosf, — av?z/;,

where ¢4 (¢) is a non-negative function of time. Then since 1[) =sinf, — 1[) we obtain

[— (t) (sin 0. — 1/;)

- 1, . - (61)
Y= —cl(t)§ sin 26, + ¢1(¢)y cos 0, — av;p.
For the system (61) define a Lyapunov function V'
1-
V =(1-cosb,)+ §¢2. (62)

The derivative of V' along the trajectories (61) yields
. - - 1 -
V =—ci(t)sin® 0. + c1 () sin b, — (—ci(t) cos b + av?)P? — cl(t)§ sin 20 <

- 1 -
< —ci(t)sin® O — (—c1(t) cos O + av?)yp? + ¢ () (|sin 96|+|§ sin 26.|)|4).

17



Since |sin 26|< [sin .| and c¢1(t) cos B < c1(t)
V < —c1(t)sin® 0. — (—ci(t) + av?) ¥ + 21 (t)[sin ||y

Assume c¢;(t) = 1yav?, where 0 < v < 1. Then
. , -9 -
Vg—mﬂ%$mwﬂw)+ﬂ—ww><0 (63)

When liminf;_, o |v.(¢)|> € > 0 the system (61) is asymptotically stable for all initial conditions.
We notice that for small § and 6, € (— arccos(d — 1), arccos(d — 1)), sin® 6, > 1 — cos .. Hence
we transform (63) into the following form

V < —av? (a2 sin? 0, + 2% — 2a6|sin96||1ﬁ|+g sin? 0, + (g + ﬁ)?ﬁQ) <

N2 1 -~
< —av? <a|sin 06|fﬂ|w|) — nav? (1 —cosf. + 51/)2) <
< - nava

where «, 8, 1 and & satisfy the set of equations

aff =

2N _
oz+5

7
2
7
2
B tnt+r=1-

o2

From the (3.2.3) we conclude that the system (61) is gllobally K- exponentially stable.

Proposition 7. Consider the system (30) with the control law

V= VUp + CoX¢

1 ) (64)
w = wy + 5’7‘1%2«1/)
and the observer given by
Y =Z+ avry. 65
A2, 2.3 . (65)
Z=av;Z — a*vlye — alrye,

where co and a are positive constants, 0 < v < 1. If v, and w, are bounded and persistently
exciting and W, U, are bounded, the closed loop system obtained from (30), (64) and (65)

ie = (wr+ zavfzﬁ)ye +vp(cosbe — 1) — come

2
Ye = _(wr + %wa@fe + vy sinf,
] T2 (66)
96 = _§av7'w
* Y 9 1 . - 2,7
P = — 50 (5 sin 20, — ¢ cos 0,) — aviy

is KC-exponentially stable.

Proof. We notice that
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We can put the closed loop dynamics in cascaded form

Ye
9.'6 —%vavf (sinﬂe — 1;) )
o [~ Zav?(3sin20. — ¢ cosb.) — aviep|’

where G(z¢, ye, 96,1[)) is given by

—w, 0

2 Afeeal]

(67b)

Y 02 1 1 )
G- Laviye [, 1cos sOcds + v, [, 1sm s0.ds LavZy.
2 2 :
—Javiz, [ cossbeds + vy [, cossbeds | —Faviz,

If v, is persistently exciting and the constants used are strictly positive, the subsystem (67b) is
globally K-exponentially stable ~

Then we treat the states 6, and v as terms perturbing a system in the form (3), which according
to Lemma 3 is globally exponentially stable when the assumptions on w, and w, are satisfied. To
apply Lemma 6 we need the interconnection term G to be at most linear in respect to ||[z. ye]T |-

Te
Gl = mx Sl < v maxtial ) + 2| va02 | 7]+ 200
j €
The condition is fulfilled if v, is bounded.
Hence we conclude that the system (66) is globally K-exponentially stable. O

Remark 5. We notice that both forward and angular velocities need to be persistently exciting.
The assumption on v, is needed to ensure convergence of the observer, while the condition on w,
results from the controller used.

3.2.4 Simulation results

In proposition 7 we proved KC-exponential stability of the output based controller. Here we present
time characteristics obtained from simulations.

Figures 6 7 and 8 show position and angle tracking error and the observer error. Initial values
of errors were set on (Z.,ye,0.) = (10,20,7/2) and ¢ = 1. As gains we used cz = 2, a = 10 and
v =0.9.

Applying constant reference controls v, = w, = 1 (Figure 6) one can notice exponential
convergence of the system (67). Next figures present necessity of the assumption of persistent
excitation of v, and w,..

If the reference angular velocity does not satisfies the assumption (Figure 7), the position error
does not tend exponentially to 0, although similarly to the previous observers if fooo w2dt = oo
they are still asymptotically stable. Also if the forward velocity v, is not persistently exciting
(Figure 8), tracking error and observer error does not converge to 0.

4 Conclusions

In Section 2 we have proposed observers for a three-dimensional chained form system. A further
subject of interest may be extending obtained results to a general chained form system.

The observers developed in Section 3 consider a kinematic model of a mobile car. A more gen-
eral model used usually to describe a wheeled mobile robot is simplified dynamic model(ct. [9], [3]).
Since the full state observer used in Section 3 may be applied also to the generalized model, it may
be useful to study the possibility of extending the designed observers and output based controller
to the case of the simplified dynamic model.

In all observers estimating the orientation angle we have assumed either persistently exciting
or non-zero value of the reference forward velocity. When this condition is not met, the observer
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(a) Position error (b) Angle and observer error

Figure 8: Performance of (67) when v, = %, wr =1

error and the angle error do not converge to 0. It means that in the stabilization task we are able
to reach the desired position, but the angle remains unknown.

In observers for a chained form system (Section 2) and in combined observer and controller for
a mobile car (Section 3.2) we find another restriction on the reference trajectory — the assumption
on persistent excitation of the angular velocity. If this condition is not met, the position error of
the systems does not tend to 0. This results in impossibility of tracking straight lines with the use
of an observer, what is a common task for mobile cars.

Another problem not discussed here, but very important for the practical realization of con-
trollers is choosing tuning gains. When the task for a mobile car is specified, the gains should be
optimized.
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