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Consider a dynamical system with equilibrium point x:
x = f(x), f(x)=0, x(0) = xo. (1)
Define a change of variables: x = x — X, so x = X + x. Then we have
X =f(x) =f(x+x), f(0)=0, %(0) = Xo,
In the remainer we assume w.l.o.g. that x = 0.
The equilibrium point x = x = 0 of the system (1) is
stable If Ve > 0, 30(e) > 0 such that ||x(0)|| < d = [[x(t)|| < eforallt > 0.

unstable If it is not stable
asymptotically stable If it is stable and 3§ > 0 such that ||x(0)|| < & = lim¢_o ||x(t)|| = O.
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Khalil, Nonlinear Systems, Theorem 4.2 (3rd ed.)

Consider (1). Let V : R” — R be continuously differentiable such that

V(0) =0 V(x) >0 Vx # 0
|IX|| = 00 = V(x) — oo
V<0 Vx # 0

then x = 0 is globally asymptotically stable
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Important Example (Hahn, Stability of Motion)

Consider the system

. — . —2(x1+
X1 = (1+6)()%1)2 + 2X2 X3 = (1(_3(?;22)
2
Differentiating the Lyapunov function candidate V = 15 +x3 > 0
1
. 2 4.2 2 2
along solutions results in V = — 2etx6Hq (3+20)) g
(1+x7)
— 2 X2 _ _ 1 Ldo 1
On hyperbola x; = —vs we have 5= T VIR but slope of tangent: = " avaor
So for x; > v/2 and x» > : 2\/5 we can never cross the hyperbola x5 = " 2\/5. Therefore we do
1— 1—
not have global asymptotic stability of x = 0.
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We can use Lyapunov functions for showing asymptotic stability.

When the origin is asymptotically stable, a Lyapunov function does exist.

Problem

How to find a Lyapunov function?

Typical (first) candidates for V:
® Position error (squared)

® Energy

Often encountered problem

V is only negative semidefinite.
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Converse Lyapunov Theorem (Khalil, Th. 4.17)

Let x = 0 be an asymptotically stable equilibrium point of X = f(x).
Let R4 be the region of attraction of x = 0.

There exist smooth V/(x) and continuous positive definite W(x) (both defined for x € Rg) such
that:

V(x) — oo asx — ORy
VF(x) < —W(x) Vx € Ry

and forany ¢ > 0: {x € Ra | V(x) < c} is a compact subset of R,.
For Ry = R", V(x) is radially unbounded.
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Example: mobile robot (circle, constant velocity)

Consider the following dynamics

X =vcosf X, = V,cos 0,
y =vsinf Yy =V, sinf,
0=w 0, = w,

for constant reference inputs v, > 0 and w;,.

How to define error?

Oftenseen: xe =X — X, Ye =y — Y, 0e = 0 — 0,.

What happens if we change the inertial frame? Errors become different...
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Example: mobile robot (circle, constant velocity)

Kanayama et al. (1990) defined errors in body-frame of mobile robot:

Xe| _ | cosf sinf| [x, —x
Vel  |—sin@ cos@| |y, —y
0.=0,—0
resulting in the error dynamics
Xe = WYe — V + Vv, COS 0,
Ve = —WXe + V, sin b,

O = w, —w
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Example: mobile robot (circle, constant velocity)

2

Problem: V = —cyx2 — 202 is negative semidefinite.
cs e

We need something for “repairing” our proof:

LaSalle’s invariance principle (1959)

Let Q be a compact set that is positively invariant with respect to x = f(x).
Let V be a continuously differentiable function such that V(x) < 0in €.
Let £ be the set of points in Q where V = 0.

Let M be the largest invariant set in E.

Then every solution starting in {2 approaches M as t — oc.
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Example: mobile robot (circle, constant velocity)

Following Jiang, Nijmeijer (1997), differentiating the Lyapunov function candidate

V= 3x +3ve + 50

2c3

along solutions yields

V = Xe(—V + v, cos 0;) + V,ye sin 0 + éee(w, —w)

1 sin 0,
+ gee(CSVrye Ieee + wr — UJ)

)
= Xe(—V + v, cos 0,)

_ 2 c2 n2
=—ax; — 20; <0

in case we take as input

w = wr + €20 + C3V,Ye

V = v, cos 0, + C1Xe 5'299
B
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Example: mobile robot (circle, constant velocity)

Dynamics:
; in g
Xe = (wr a4 C20e + Cc3Vrye S"(;e E)ye — C1Xe
Ve = —(wr + Cafle + Caviye U532 )xe + vy sin G
Oe = —C20e — C3VryeSizge
z
Furthermore: V = —c1x; — 267 < 0.

We have E = {(Xe, Ve, 0e) | Xe = 0 = 0}. From x,(t) = 0 and #, = 0 we obtain

0:(w,+cz~0+c3v,ye~1)ye—cl~0
0= —co-0—c3vye-1

and therefore M = {(Xe, Ve, 0e) | Xe = e = 6 = 0} and global asymptotic stability.

12 Lyapunov stability: common mistakes and useful machinery

TU/e

TU/e



Defining error coordinates for angles

We picked displacement errors independent of the inertial frame. But how about angles?

More natural error: associate angle with point on unit disc and use distance between such points.

Differentiating V = x; + 3y2 + . (1 — cos 6,) along

Xe = WYe — V + V, COS 0, Ve = —WXe + V,sin b,
results in
V = X[~V + v, cos 0] + % sin fe[cavrye + wr — W]

so we get V < 0 for the input

V =V, CoS 0 + C1Xe
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Stability of equilibrium points

Linearisation of closed-loop dynamics around x, = 0, y. = 0, sinf, = 0:

)?e —C1 Wr 0 Xe )?E - Wr
)?e = | —Wwr 0 1 ZE )?e = |—w, 0
95 0 —C3Vy —C2 ee 95 0 —C3Vr

w = wy + €3 sinf, + c3v, Ve

in case cos f,=1

Characteristic polynomial for cos §, = —1:

X4 (c1 — 2)A2 + (w? — cac1 — c3v) A —(c1c3vy + cow?)
— —

<0: unstable
Characteristic polynomial for cos 6, = 1:

A+ (c1 + )N + (W] + cacr + cave) A + (c1csvr + cowy})

Stable, as also (c1 + ca)(w? + cac1 + cavr) > (c163V, + Cow?).
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incase cos fe=—1

0o =w, —w
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Completing the proof using LaSalle

We have V = —c;x2 — & sin® 6, < 0.

From sin #, = 0 we obtain

0 = cos Bl = —cy sin b cos O, — c3V,ye cos O, = —c3V, Y, COS O,

and as cos 0, = +1 for sin 6, = 0, we obtain y, = 0 and therefore
M = {(Xev Ve, ‘99) ‘ Xe = Ye = 0, sin Ge - 0}

Remaining question: Do we converge to the desired equilibrium point?
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Signal chasing: another example

In Lefeber, Robertsson (1998) we analysed the following dynamics:

—by —by O 0
1 0 —bs
w = 0 0 w
1 0 —b,
0 0 1 0

where b; > 0. Differentiating

V =bw2+bibow2 + -+ biby---by_1w2 | +biby -

along solutions results in
V=—b?w?
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Signal chasing: another example

We have V = —b?w? = 0, as well as
Wi = —biw; — bows, Wo = wy — bzws, Wp_1 = Wp_2 — bw,.
Then, from 0 = —b; - 0 — bows we obtain wy = 0.

Then, from 0 = 0 — bsws we obtain w3 = 0.

Finally, from 0 = 0 — b,w, we obtain w, = 0.

And therefore: global asymptotic stability.
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Important Example

(Erroneous) reasoning sometimes found in papers:
“Assume that x; is bounded, i.e. 3M > 0 such that ||x; (t)|| < M (e.g., physical system).

Differentiating the Lyapunov function V = 1x} + M74x§ along the dynamics

X1 = —Xx1 + xfo X9 = —Xo
results in
V= x4+ x3xg — M*x3 < —x3 + M?|x1x0| — M*x2

1,2 1,2 1 2 1pp4,2 1ps4,2
< =X —5x + 5 2 al - MPlxe| — gMYxg —gM'x; <0

1
=5 (x|=M?|x2|)?

So therefore x; does indeed remain bounded and we have global asymptotic stability.”
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Important Example

Consider the dynamics

g 2
X1 = —X1 + XiX2

XQZU

in closed-loop with the input u = —xs.

We want to investigate asymptotic stability of the origin of the closed-loop system

X1 = —x1 + XXy outer loop
Xy = —X3 inner loop
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Important Example

Reasoning on previous slide is wrong! Solving the ODE

)‘(1 = —x1 + X%XQ Xl(()) = X10
)‘(2 = —Xo XQ(O) = X920
results in
_ 2, _ —t
xi(t) = X—10X2neft+x[120,)(10)(2n]et X2 (t) = x20e

For x19x29 > 2 the denominator becomes zero at tesc = % log (%)

So instead of having asymptotic stability, we have a finite escape time!
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Non-autonomous systems

® Even more important examples
® Signal chasing using Barbalat’s Lemma and Lemma of Micaelli and Samson.

® Signal chasing using (generalisation of) Matrosov’s Theorem

Mobile robot: revisited

Assume v, (t), w,(t) satisfying 0 < v™" < v,(t) < v™>, |v,| < @™ and |w,(t)] < wm.

Consider the dynamics

Xe = WYe — V + V, COS O Ve = —wXe + Vv, sin 6, 0o = w, — w
in closed-loop with the input
V =V, C0S 0 + C1Xe W= w;, + 20 + C3V, Ve sigfe
Differentiating V = x2 + y¢ + 5 0z along solutions results in V = —cixz — 262 < 0.

LaSalle (1959) is for autonomous systems, but our closed-loop system is non-autonomous...
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Important example (Khalil (3rd ed), Example 4.22)

Consider the following dynamics

o [ —1+3cos’t 1—3sintcost
x=A(t)x A(t)_[_l—%smtcost —1+ 3sin’t

Characteristic polynomial of matrix A(t): det[]M — A(t)] = A* + A +

Eigenvalues: \; = —% 3£ %\ﬁi. However

1
e2'cost e tsint

x(t) = | ¢ X(0),
—e2'sint e “fcost

so therefore the system is unstable.
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Questions

1. We have that V(t) is monotone and bounded, so therefore V(t) converges to a constant.
Can we deduce that V(t) converges to zero (and therefore that x. and 6, converge to zero)?

2. If we have that x.(t) converges to zero, can we conclude that X, converges to zero and use
signal chasing for concluding that y. converges to zero?

Both boil down to: Assume that lim;_,, x(t) = 0. Do we have lim;_, ., X(t) = 0?
No: Consider x(t) = e~ sin e? for which x(t) = —e~*sine? + 2ef cos e?.

Reverse question: Assume that x(t) is bounded and lim;_,, x(t) = 0. Do we have
lim¢— o0 X(t) = C for some constant C?

No: Consider x(t) = m“:iitlﬂ)) for which x(t) = sin(In(1 + t)).

We need some results to complete the proof...
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Commonly used tools for completing the proof
Lemma (Barbalat, 1959)

Let ¢ : Ry — R be a uniformly continuous function (e.g., ¢> bounded). Suppose that
lime s o0 jUt ¢(7) d 7 exists and is finite. Then Jim o(t) = 0.
h —00

Idea: For ¢(t) use V(t).

Lemma (Micaelli, Samson, 1993)

Letf : Ry — R be any differentiable function. If lim;_,~ f(t) = 0 and

f(t) = fo(t) +n(t) t>0
where fo' is a uniformly continuous function (e.g., fo is bounded) and lim;_,~, 1(t) = 0, then
liM o0 F(t) = limi—00 fo(t) = 0.

Idea: Signal chasing by (repeatedly) applying to signals that converge to zero
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Mobile robot revisited

Step 2: Signal chasing using Lemma of Micaelli and Samson

We have 6, — 0, so we consider ¢,:

. o, o,
ee = 7C299 — C3VrYe 5|r9\ = —C3Vrye 75295 — C3VrYe (S"; - 1)
fol® (o)
Since —C3VrYe — C3VpYe = —C3ViVe — CaVe|—(wr + C20e + c3v,y65igff )Xe + vy sin 0] is bounded, we

have that fy(t) is uniformly continuous.
Furthermore, we have lim;_, o n(t) = 0.
Therefore, using Micaelli and Samson, lim;_,« fo(t) = 0, and therefore lim;_, oo ye(t) = 0.

We have asymptotic stability, provided 0 < v™" < v, (t) < v™, |v,| < a™ and |w,(t)| < w™>.
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Mobile robot revisited

Since V < 0 we have: xe, Ve, U bounded.

Step 1: Apply Barbilat to ¢(t) = V(t)

We have:

which is bounded. Therefore, V is uniformly continuous.
Furthermore, lim;_, o [Ot Vdt = limi o V(t) — V(0) exists and is finite.
Therefore, using Barbalat, lim;_,. V(t) = 0, and therefore lim;_, oo Xe(t) = lim;_,0 Oe(t) = 0.

26

b=V =—2c1XKe — %9595 =

sin 6,

= _QCIXE[(Wr + 200 + c3vrye 0, )YE — Clxe] - 257226@[_‘:299 — C3VrYe 0,

Lyapunov stability: common mistakes and useful machinery

sin QE]

Mobile robot revisited: definition angular error

1

Differentiating V = 5x; + 3y2 + . (1 — cos 6,) along

Xe = WYe — V + V, COS B, Ve = —WXe + V,sin 6,

O = w —w

. _ . . v _ 2 C: . 2
results for v = v, cos 0, + C1Xe, w = wy + C2 SiN B + C3V,Ye in V = —c1X5 + & sin Oe.

Using Barbalat we obtain lim;_, o0 Xe(t) = lim;—, o Sin e (t) = 0.

Applying Micaelli-Samson to f(t) = sin 0,(t) gives

f = —c3V,Ye cos B —cy cos b, sin O,

fo(t)

And we can conclude lim;_, o, ye(t) = 0.

28
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Signal chasing: another example

In Lefeber, Robertsson (1998) we analysed the following dynamics:

*bl *bgulvr 0 000 0
uyr 0 —b3
W — 0 '.. '.. '.. 0 w
. ui,r 0 _bnul,r
0 600 0 Uy, 0

where b; > 0, as well as 0 < u’l“’i," < up(t) < ufand |uy | < M. Differentiating
V =bywi + bibows + -+ biby by, w2 | + biby - - byw?

along solutions results in
V= —blw?
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Standard form

Previous example illustrates general approach: starting from signals that go to zero, determine
other signals that go to zero.

More general: X1 = fi(t, x1, X2, X3), X2 = fo(t, x1, X2, X3), X3 = f3(t, x1, X2, X3)
® Lyapunov function: V(t, X1, X2, x3) positive definite.

® Derivative along dynamics: V(t, x1) negative semi-definite.

® Using Barbalat: V(t,xl) — 0, which implies x; — 0.

® Using Micaelli, Samson: fi (t, 0, X2, x3) — 0, which implies xo — 0.

® Using Micaelli, Samson: f5(t, 0, 0, x3) — 0, which implies x3 — 0.

Or even more general...

Using this approach we can show global asymptotic stability. However, is that what we want?
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Signal chasing: another example

We have V = —b?w? = 0, as well as
wi = —bywy — bauy wa, Wa = uy,w; — b3ui w3, Wp_1 = U1 Wp_2 — bpuy ;Wi.

From V < 0 we obtain that w remains bounded.
Using Barbalat, we obtain wy; — 0.
Applying Micaelli-Samson on equation for w; we obtain bou; w2 — 0 and therefore wy — 0.

Applying Micaelli-Samson on equation for wy we obtain bsu; w3 — 0 and therefore ws — 0.

Applying Micaelli-Samson on equation for w,_; we obtain b,u; ;w, — 0.

And therefore: global asymptotic stability.
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Example (Panteley, Loria, Teel, 1999)

Consider the system

1 - 1
1+t ifx < T4t
x = ¢ — i 1
X=4q —x if x| < 14
1 : 1
14t ifx > 1+t

For eachr > 0 and ty > 0 there exist k > 0 and v > 0 such that forall t > to and |x(to)| < r:
x(t)] < Kix(to) e~ V> tg>0

However, always a bounded (arbitrarily small) additive perturbation §(t, x) and a constant t, > 0
exist such that the trajectories of the perturbed system x = f(t, x) + d(t, x) are unbounded.

Main reason for this negative result: the constants k and ~y are allowed to depend on ty, i.e., for
each value of t different constants k and v may be chosen.
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Some definitions

Continuous function « : [0, a) — [0, 00) class /C-function (o € K): a(0) = 0, e strictly increasing.
Continuous function « : [0, 00) — [0, 00) class K-function (a € K): a(s) — co ass — oo.

Continuous function 3 : [0, a) X [0, 00) — [0, 00) class KL-function (3 € KL): B(r,s) € K w.rt.
r, for each fixed r: decreasing w.r.t. s and 3(r,s) — 0 as s — cc.

Globally asymptotically stable (GAS):

Vto: 38 € KL such that Vx(to) : ||x(t)]| < B(|[x(to)]||, t — to)-

Uniformly globally asymptotically stable (UGAS):
38 € KL such that V(to, x(to)) : [|x(t)]| < B(|Ix(to)

t—to).
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Robustness to perturbations for UGAS

Lemma (Khalil 1996 (2nd ed), Lemma 5.3; Khalil 2002 (3rd ed), Lemma 9.3)

Let x = 0 be a uniformly asymptotically stable equilibrium point of the nominal system

% = f(t,x) where f : Ry x B, — R" is continuously differentiable, and the Jacobian [%} is
bounded on B,, uniformly in t. Then one can determine constants A > 0 and R > 0 such that for
all perturbations 4(t, x) that satisfy the uniform bound ||4(t, x)|| < & < A and all initial conditions
Ix(to)|| < R, the solution x(t) of the perturbed system x = f(t, x) + 6(t, x) satisfies

X1 < B(lx(to)l . t —to) Vip <t <ty and x| < p(d) vVt >t

for some 3 € KL and some finite time t;, where p(8) is a class K function of 0.
Furthermore, if x = 0 is a uniformly globally exponentially stable equilibrium point, we can allow
for arbitrarily large 6 by choosing R > 0 large enough.
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Lyapunov theorem (Khalil, Theorem 4.9)

Let x(t) be a solution of X = f(t, x). Let V be a continuously differentiable function satisfying
Wi (x) < V(t,x) < Wa(x) G+ GUf(t,x) < —Ws(x)

where Wy, Ws, W3, positive definite functions, then x = 0 is UGAS.

Converse Lyapunov theorem (Khalil, Theorem 4.16)

If x = 0 is a UGAS equilibrium point of x = f(t, x), then there exists V such that
ar(xll) < v(tx) < ao(lixl) G+ Gt x) < —as(lxl) 1G]] < aallixl)

where a1, ai, a3, ag are class K functions.
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Problem

Lesson learned from example

For robustness we need uniform global asymptotic stability.

Main take away from remainder of this lecture series

How to show UGAS when we do not have a proper Lyapunov function, i.e, when V is negative
semi-definite.
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Matrosov like theorem (Loria et.al., 2005)

Consider the dynamical system
x = f(t,x) x(to) = xo f(t,0)=0 (5)
f:RT x R"” — R” loc. bounded, continuous a.e., loc. unif. continuous in t. If there exist
o j differentiable functions V; : Rt x R” — R, bounded in t, and
o continuous functions ¥; : R” — R fori € {1, 2, ...j} such that
® V/, is positive definite and radially unbounded,
Vi(t, x) < Yi(x), foralli € {1,2,...,j},
® Yi(x) =0forie{1,2,..,k— 1} implies Yi(x) <0, forall k € {1,2,...,j},
® Yi(x) =0forallie{1,2,...,j} impliesx = 0,

then the origin x = 0 of (5) is uniformly globally asymptotically stable.

Question: how to determine suitable functions V; and Y; (fori > 1)?
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Mobile robot revisited again: definition angular error

Differentiating V; = 1x2 + y2 + é(l — cosf,) along Xe = Wye — C1Xe, Yo = —WXe + V, sin O,
Qe = —Ca5in 0 — C3V,Ye, results in Vi = —c1x2 + i—';’ sin? G = Y1 (Xe, Ve, sin ).
Differentiating Vo = c3V, e cos 0 - sin 0, along solutions results in

Vo = C3[V¥e + ViVe — ViYe Sin Oele] sin 0 + C3V,Ye 0% B[ —Co Sin O — C3V,Ye)

< fcg(v;“i")zyf + M|| sin Be|| = Ya(Xe, Ve, Sin Oc).

Therefore: uniform global asymptotic stability of (xe, Ve, sin 6) (applying Matrosov-like theorem).

LFormally: we lift the path of sin 6, to a path in S*
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Mobile robot: revisited again

Assume v, (t), w(t) satisfying 0 < v™" < v,(t) < v™, |v,| < @™ and |w,(t)] < wm.

Consider the dynamics xe = Wye — C1Xe, Ve = —WXe + V; Sin O, 0o = —C200 — C3V,Ye Sigfe.
Differentiating V; = 1x2 + y2 + i@f resultsin V; = —c1x2 — %93 = Y1 (Xe, Ve, Oe).
Consider Vo = —Heée. Then

V2 = _9.52 - Heée = —[—c3Viye + n(t)]2 - geée = _(C3Vrye)2 + 2c3v,yen(t) — ﬁ(t)z - Heée

< =5 ("™)%ye + Mull7i(Xe, ye, Oc) || + [|7i(xe, ve, Oe)I* + Ma|0c]| = Y2 (xe, Ve, Oe).

r

Note that Y; = 0 implies Yo < 0. Furthermore, Y; = Y5 = 0 implies x. = y. = 0. = 0.

Therefore: uniform global asymptotic stability (applying Matrosov-like theorem).

NB: Instead of taking Vo = —0, - 95 we can also taking the “simpler” Vo, = —6, - fo.

38
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Signal chasing: another example revisited

For b; > 0, as well as 0 < u’l“’i," <y (t) <ufand |uy| < M, differentiating
Vi = byw? + bibow3 + -+ byby - -- b, _1w2_| + bybs - - - b,w? along solutions of

TU/e

Wi = —biw; — bQUI,rWZ Wy = u Wi — b3U1,rW3, S Wy = uy rWp—2 — bnul,rWn-

resultsin V; = —b?ws = Y;(w).

Differentiating Vo = bau; (W5 - wy along solutions results in

Vo = by (i1, W + Uy Wa )Wy -+ bouy Wo[—bywy — boup ws] < *bg(UTi,n)ng + M|wy| = Yo (w).

Differentiating V; = bju1,,w; - w;—1 (i = 3,4, ..., n) along solutions results in

Therefore: uniform global asymptotic stability of w = 0 (applying Matrosov-like theorem).

40

V,' < *b?(urlnvlrn)QW,Q aF M,',2|W,',2‘ aF M,',1|W,',1| = Y,'(W).

Lyapunov stability: common mistakes and useful machinery

TU/e



My standard approach for arriving at uniform results

More general case: x; = fi(t, X1, X2, X3), X2 = fo(t, X1, X2, X3), X3 = f3(t, X1, X2, X3)

® Lyapunov function: V4 (t, x1, X2, X3) positive definite.

® Derivative along dynamics: Vl(t, x1) = -+ < Y1(x1) negative semi-definite.

® Use Vo = —x]x. Then Vo < —fi(t,0, X2, x3)7f1(t, 0, X2, X3) + Fa(||x1]]) < Ya(x).

® Y, = 0 implies Yo < 0. Furthermore Y, = Y5 = 0 implies x; = x5 = 0.

® Use V3 = —x}xo. Then V3 < —f5(t,0,0,x3)"fa(t,0,0,x3) + Fa(|xa |, [Ix2]]) < Ya(x).
® Y, =Yy =0implies Y3 < 0. Also, Y1 = Yo = Y3 = 0 implies x; = xo = x3 = 0.

® Conclusion: uniform global asymptotic stability.

NB: Often simpler functions can be found for V;, e.g., Vo = —f(t, 0, x2, x3)TX1, etc.
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Integrator Backstepping
Consider the dynamics
x| = —x1 + xfxz Xo = U

Take x5 as a virtual input.

Possible candidates for stabilizing the x; dynamics: xo = 0, or xo = —c1x7.
Differentiating the Lyapunov function candidate V; = %x% along solutions results in V; = —x%
respectively V; = —x7 — c1x}.

Three steps:
Step 1 Define new coordinate: difference between state and desired state
Step 2 Define (inverse) change of coordinates and write dynamics in new coordinates
Step 3 Extend Lyapunov function and make its time-derivative negative definite.
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Integrator backstepping: case 1: xo, = 0

Define zy = x5 — 0 = x5. Inverse change of coordinates: xo = z,. Dynamics in new coordinates:
)'(1:—x1+22~xf Zo=u
Differentiating Vo = 2x} + 123 along solutions yields
Vo = —X3420X5 + 20U = —x2 + 25 (¢ + u)
which can be rendered negative definite by taking

U= X3 —kzo = —x3 — kxo k>0
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Integrator backstepping: case 2: xo, = —c1x;

Define zo = x5 — (—¢1X1) = X2 + €1X1. Inverse change of coordinates: xo = zo — ¢1x;. Dynamics
in new coordinates:

. 2 3 2
x1=—Xx1 +xi(z2 —c1x1) = —x1 —c1X; + Z3 - X

Zo = U+ Ci1X1 = U — C1X1 — cfxf + ClX%ZQ
Differentiating Vo = 2x7 + 323 along solutions yields
Vo = —x2 —cixt + 22063 +u—cxq — 23 + c1x3zy)
which can be rendered negative definite by taking

3 2.3 2 3
U= —xj +C1X1 + CiX; — C1X7Z2 — €223 = —X; + €1(1 — €3 — X1X2)X1 — CaXa
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General backstepping

We therefore have that %[fo(w) + go(w)up(w)] < 0. Define the change of coordinates
71 = x3 — Up(w) with inverse change of coordinates x; = z; + ug(w). Then we get

W = fo(w) + go(w)uo(w) + 21 - go(w) 21 = fi(w,xi) + g1 (w,x)xz + 2o

Differentiating V1 (w, z;) = Vo(w) -+ 523 along solutions, results in

vy = %[fg(w)+g0(w)u0(w)]+%zlgo(w)+zl [1(W, 21 +up(w)) +g1(w, zl+u0(w))x2+%W]
= 8 [foy (w)+go(w)uo (w)]+21 [F2go(w)+f1 (W, 21 +uo(W))+g1 (W, 21 +uo(W))Xa+ Fe2 W]

which is negative definite if we take

X2 = — [c1z1 + Z2g0(w) + fi(w, 21 + up(w)) + Z2W] / g1 (w, 21 + up(w)).
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General backstepping

Consider forw € R™, and scalar x; (i = 1, 2, ..., n) the dynamics

W = fo(w) + go(w)x,
x1 = fi(w, x1) + g1(w, x1)x2

Xo = fa(W, X1, X2) + g2(W, X1, X2)X3

Xn—1 = fo—1(W, X1, X2, ..., Xn—1) + Gn—1(W, X1, X2, ... Xp—1)Xn
).(n :fn(W,XLX% vanlen) + gn(WyXLX% vanlen)u
where f;(0, 0, ..., 0) = 0 and g;(w, X1, X2, ..., X;) # 0 on the domain of interest.
Furthermore, assume that the dynamics w = fo(w) + go(w)u can be stabilized tow = 0 by a

known feedback u = ug(w), for which a Lyapunov function Vi (w) is also known.
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General backstepping

If we now define w = Lﬂ fo(w) = {fo(Vl})l (J;/g;l(;v)xl} , Go(w)

Xi = Xit1,fi = fi+1,9i = giy1 fori =1,2,...,n — 1, we obtain

= ,as well as
g1(w, x1)

w= )fo(W) + Go(w)xy

X1 =fi(W,X1) + Gu (W, X1 )X,

Xn—9 = fo—o (W, X1, X2, .., Xn—2) + Gn_2(W, X1, X2, ... Xn—2)¥n—1

Xn—1 = fo1 (W, X1, X2, ..., Xp—1) + Gn—1(W, X1, X2, ... Xp—1)U

So continuing this procedure n — 1 times more, we obtain a stabilizing controller for the system
(as well as a Lyapunov function proving this).
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Important remark about backstepping

Though backstepping provides a means to arrive at stabilizing controller, including a Lyapunov
proof, the resulting controllers usually are quite difficult expressions (in particular if expressed in
the original coordinates).
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Panteley, Loria (corollary of more general result)

Consider a system z = f(t, z) that can be written as

7 =fi(t,z1) +g(t,z1,229)25

75 = fo(t, z2)
where the systems z; = f1(t,z1) and zo = f5(t, z2) are UGAS. Then we have UGAS of the
cascaded system if the following conditions are satisfied:

1. We have a positive definite V with negative semi-definite v along solutions of z; = f (t, z1),
satisfying ¢ ||z, ||> < V and ||%H < cqllz1l],

2. |lg(t, 21, 22)|| < ka(llz2]l) + ka(][z2]]) |21 ]I,
3. 55 llz2(B)]l d t < ([|z2(to)|]) (e.8. when 2 = fo(t, zo) is ULES).
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Cascaded systems

Recall the example studied earlier

X1 =—x1 + Xxo outer loop/

X9 = —Xo inner loop
Even though the subsystems
X1 = —X1 X9 = —Xo
were exponentially stable, the cascaded system can have a finite escape time.

Assume you have been able to show asymptotic stability of the unperturbed x; system using a
Lyapunov function for which V is only negative semi-definite.

Then a useful result to analyze stability of the cascade is given on the next slide
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Alternative way out

Panteley and Loria proved that showing boundness of z; suffices to conclude UGAS.

The conditions 1-3 on previous slide guarantee boundedness of z;.

What if condition 1 and/or condition 2 are not satisfied?

Option 1: See if one of the other conditions in their paper works for you
Option 2: Show boundedness of z; by evaluating V for z; = f(t, z;) along the cascade. If you can
find a function ¢ such that Hg—z‘/lg(t, 21,29)|| < ¢(V)|z2(t)]| (e.g., (V) = vV or #(V) = V), then:

t t
V= 2t 2) +2g(t,21,2) < 6(V) ()] s / V/6(v) < / lza(r)l| d 7
—_—— 0 0
<0

If the primitive of 1/¢ is bounded on bounded intervals, you have boundedness of V and
therefore of z;.
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Suggestions for exercises

® Consider a dynamic extension of a mobile robot:
X = vcosf y =vsinf 6=w V=u W= Uy
and consider the problem of tracking a (time-varying) feasible reference trajectory
X, = Vv, cos b, Vr = V,sinf, 9, = wy Ve = Uy, Wy = Uy,

Use one of the controllers for the mobile robot from this presentation as a starting point for
backstepping to arrive at a tracking controller. Show uniform global asymptotic stability by
means of the Matrosov-like theorem and make explicit what assumptions you need to make on
signals of the reference trajectory.

® Search for “Barbalat” on the USB-stick with papers of a recent (pre-Covid) CDC or IFAC World
Congress. Most likely the authors only show (global) asymptotic stability. Update the proof of
the authors so that you can conclude uniform (global) asymptotic stability.

53 Lyapunov stability: common mistakes and useful machinery TU/e

References/Recommended reading material

® |oria, A., E. Panteley, D. Popovic, and A. R. Teel (2005). “A nested Matrosov theorem and
persistency of excitation for uniform convergence in stable nonautonomous systems”. IEEE
Transactions on Automatic Control 50:2, pp. 183—-198. doi: 10.1109/TAC.2004.841939.

® Micaelli, A. (1993). Trajectory tracking for unicycle-type and two-steering wheels mobile
robots. Tech. rep. RR-2097, INRIA. inria-00074575. url: hal.inria.fr/inria-00074575.

® Panteley, E. and A. Loria (1998). “On global uniform asymptotic stability of nonlinear

time-varying systems in cascade”. Systems & Control Letters 33:2, pp. 131-138. doi:
10.1016/S0167-6911(97)00119-9.

® Panteley, E. and A. Loria (2001). “Growth rate conditions for uniform asymptotic stability of
cascaded”. Automatica 37:3, pp. 453-460. doi: 10.1016/S0005-1098(00)00169-2.

® Parks, P. C. (1962). “A new proof of the Routh-Hurwitz stability criterion using the second
method of Liapunov”. In: Mathematical Proceedings of the Cambridge Philosophical Society.
Vol. 58. 4. Cambridge University Press, pp. 694—702. doi: 10.1017/S030500410004072X.

55  Lyapunov stability: common mistakes and useful machinery TU/e

References/Recommended reading material

® Greiff, M. (2021). Nonlinear control of unmanned aerial vehicles. PhD thesis. ISBN:
978-91-8039-047-7.
https://portal.research.lu.se/files/109517053/MG_thesis_final.pdf

® Hahn, W. (1967). Stability of motion. Vol. 138. Springer Verlag, Berlin, Germany. ISBN:
978-3-642-50085-5.

® Khalil, H. (1996). Nonlinear systems. 2nd ed. Prentice hall Upper Saddle River, New Jersey,
USA. ISBN: 978-0-132-28024-2.

® Khalil, H. (2002). Nonlinear systems. 3rd ed. Prentice hall Upper Saddle River, New Jersey, USA.
ISBN: 978-0-130-67389-3.

® | efeber, A.A.J. (2000). Tracking control of nonlinear mechanical systems. PhD thesis. ISBN:
90-365-1426-6. url: https://dc.wtb.tue.nl/lefeber/do_download_pdf.php?id=48

54 Lyapunov stability: common mistakes and useful machinery TU/e


https://portal.research.lu.se/files/109517053/MG_thesis_final.pdf
https://dc.wtb.tue.nl/lefeber/do_download_pdf.php?id=48
hal.inria.fr/inria-00074575

	Autonomous systems
	Non-autonomous systems
	Uncovered subjects/Extra material

