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Tracking control: non-social behavior
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Formation tracking: More social behavior
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Formation control: Social behavior (no tracking)
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Distinguishing features

Combination of all of the following ingredients

• Underactuated (not fully actuated)

• Dynamics (not only kinematics)

• Both translational and rotational dynamics

• Consider attitude on SO(3), not Euler angles or quaternions

• Almost global tracking results, not local (positive total thrust)

• Uniform asymptotic stability
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Dynamics

Drone dynamics (mi > 0, Ji = JTi > 0)

ρ̇i = Riνi

ν̇i = −S(ωi)νi + gRTi e3 −
fi
mi

e3

Ṙi = RiS(ωi)

Jiω̇i = S(Jiωi)ωi + τi

Reference dynamics (0 < fmin
r,i ≤ fr,i(t))

ρ̇r,i = Rr,iνr,i

ν̇r,i = −S(ωr,i)νr,i + gRTr,ie3 −
fr,i
mi

e3

Ṙr,i = Rr,iS(ωr,i)

Jiω̇r,i = S(Jiωr,i)ωr,i + τr,i

Formation frame: ρf , Rf .

Position expressed in formation frame: pr,i = RTf (ρr,i − ρf ) ⇔ ρr,i = Rf (pr,i + ρf ).
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Formation frame
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Problem formulation (1 of 3)

Define (translational) errors expressed in formation frame:

pe,i = pr,i − pi = RTf (ρr,i − ρi) ve,i = RTf (Rr,iνr,i − Riνi)

Define (bi-directional) communication topology:

aij = aji =

{
1 if UAV i and j exchange positional information

0 otherwise

bij = bji =

{
1 if UAV i and j exchange velocity information

0 otherwise

Assumption: Graphs with incidence matrices A = [aij], B = [bij] are connected
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Problem formulation (2 of 3)

Formation forming:

lim
t→∞

‖pe,i(t)− pe,j(t)‖ = 0 lim
t→∞

‖ve,i(t)− ve,j(t)‖ = 0

In case of formation tracking, i.e., limt→∞ ‖pe,i‖ = limt→∞ ‖ve,i‖ = 0 also attitude
tracking, i.e.

lim
t→∞

Re,i(t) = I3 lim
t→∞

ωe,i = 0

where Re,i = RTi Rr,i and ωe,i = ωr,i − RTe,iωi
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Problem formulation (3 of 3)

Find controllers

fi = f0i (pe,i, ve,i,Re,i, ωe,i, t) +
n∑
j=1

aijf
a
ij (pe,i,Re,i, ωe,i,pe,j, t) + bijf

b
ij (ve,i,Re,i, ωe,i, ve,j, t)

τi = τ0i (pe,i, ve,i,Re,i, ωe,i, t) +
n∑
j=1

aijτ
a
ij (pe,i,Re,i, ωe,i,pe,j, t) + bijτ

b
ij (ve,i,Re,i, ωe,i, ve,j, t)

which guarantee formation forming and in case of formation tracking also
attitude tracking

NB: incorporate trade-off between formation forming and reference tracking.
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Main idea

Two steps:

1. Use virtual input to achieve formation forming (tracking) of translational
dynamics

2. Achieve realisation of virtual input, and (if possible) attitude tracking

Difficulties step 1

• Time-varying dynamics (dependent on ωf ).

• Non-zero virtual input (solved using saturation)

Issue with combining step 1 and step 2

• Stability of cascade
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Position tracking control

Position tracking error dynamics

ṗe,i = −S(ωf )pe,i + ve,i

v̇e,i = −S(ωf )ve,i + ue,i,

where

ue,i = −RTf
(
fr,i
mi

Rr,i − fi
mi

Ri

)
e3.



13 Almost global decentralised formation tracking for multiple distinct UAVs

Some more ingredients

• s : R → R in C2 satisfies s′(0) > 0 and
∫
s(x)dx radially unbounded.

• σ : Rn → R
n: σ(e) = s(eTe)e

• If ‖σ(e)‖ ≤ M for all e ∈ R
n, σ is called saturation function.

Some observations:

• Possible candidates: σ(e) = k0e and σ(e) = k0k∞e√
k2∞+k2

0
eTe

for k0 > 0, k∞ > 0.

• σ(−e) = −σ(e)

• If aij = aji and σij(x) = σji(x) then:
∑n

i=1

∑n
j=1 aijσij(xi − xj) = 0.

Lemma (cf. Ren, 2008, Lemma 3.1): If aij = aji and σij(x) = σji(x) then:∑n
i=1

∑n
j=1 aij(xi − xj)

Tσij(yi − yj) = 2
∑n

i=1

∑n
j=1 aijx

T
i σij(yi − yj).
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Position tracking result

Consider the position tracking error dynamics

ṗe,i = −S(ωf )pe,i + ve,i

v̇e,i = −S(ωf )ve,i + ue,i,
with virtual input

ue,i = −αiσpi(pe,i)− βiσvi(ve,i)−
n∑
j=1

[
aijσpij(pe,i − pe,j) + bijσvij(ve,i − ve,j)

]
where σpij(x) = σpji(x). Then we have for ωf and ω̇f bounded:

• If α = β = 0: Formation forming

• If αi ≥ 0, βi ≥ 0,
∑n

i=1 αi > 0,
∑n

i=1 βi > 0: formation tracking
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Matrosov like theorem (Loría et.al., 2005)

Consider the dynamical system

ẋ = f (t, x) x(t0) = x0 f (t,0) = 0 (*)

f : R+ × R
n → R

n loc. bdd., cont. a.e., loc. unif. cont. in t. If there exist

◦ j differentiable functions Vi : R
+ × R

n → R, bounded in t, and

◦ continuous functions Yi : R
n → R for i ∈ {1,2, . . . j} such that

• V1 is positive definite and radially unbounded,

• V̇i(t, x) ≤ Yi(x), for all i ∈ {1,2, . . . , j},
• Yi(x) = 0 for i ∈ {1,2, . . . , k − 1} implies Yk(x) ≤ 0, for all k ∈ {1,2, . . . , j},
• Yi(x) = 0 for all i ∈ {1,2, . . . , j} implies x = 0,

then the origin x = 0 of (*) is uniformly globally asymptotically stable.
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Proof (first claim: formation forming)

V1 =
n∑
i=1

n∑
j=1

aijVσpij (pe,i − pe,j) +
1

2n
(ve,i − ve,j)

T(ve,i − ve,j)

V̇1 = −
n∑
i=1

n∑
j=1

bij(ve,i − ve,j)
Tσvij(ve,i − ve,j) = Y1(ve,i − ve,j)

V2 = −
n∑
i=1

n∑
j=1

(ve,i − ve,j)
T(v̇e,i − v̇e,j)

V̇2 ≤ −
n∑
i=1

n∑
j=1

[
n∑

k=1

aikσpik(pe,i − pe,k)−
n∑

k=1

ajkσpjk(pe,j − pe,k)

]2
+M

n∑
i=1

n∑
j=1

‖ve,i − ve,j‖
︸ ︷︷ ︸

Y2(pe,i−pe,j,ve,i−ve,j)
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Proof (second claim: formation tracking)

V1 =
n∑
i=1

αiVσpi(pe,i) +
n∑
i=1

n∑
j=1

aijVσpij (pe,i − pe,j) +
1

2

n∑
i=1

vTe,ive,i

V̇1 = −
n∑
i=1

βiv
T
e,iσvi(ve,i)−

n∑
i=1

n∑
j=1

bij(ve,i − ve,j)
Tσvij(ve,i − ve,j) = Y1(ve,i)

V2 = −
n∑
i=1

vTe,iv̇e,i

V̇2 ≤ −
n∑
i=1

⎡
⎣αiσpi(pe,i) + n∑

j=1

aijσpij(pe,i − pe,j)

⎤
⎦2 + n∑

i=1

M‖ve,i‖ = Y2(pe,i, ve,i)
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Attitude control (1)

Since ue,i = −RTf
(
fr,i
mi
Rr,i − fi

mi
Ri

)
e3 we ideally need fi and Ri to satisfy:

fiRie3 = miRfue,i + fr,iRr,ie3 so take fi = ‖miRfue,i + fr,iRr,ie3‖

Define desired thrust direction fd,i =
miRf ue,i+fr,iRr,ie3

‖miRf ue,i+fr,iRr,ie3‖ .

By using saturation functions in ue, we can guarantee that fd,i3 > 0 since

0 < fmin
r,i ≤ fr,i(t).

Define desired attitude: Rd,i =

⎡
⎢⎢⎢⎢⎢⎣
1− f2

d,i1
1+fd,i3

− fd,i1
fd,i2

1+fd,i3
fd,i1

− fd,i1
fd,i2

1+fd,i3
1− f2

d,i2
1+fd,i3

fd,i2

−fd,i1 −fd,i2 fd,i3

⎤
⎥⎥⎥⎥⎥⎦ ∈ SO(3)
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Attitude control (2)

Correspondingly, let ωd,i =

[
−ḟd,i2 +

fd,i2
ḟd,i3

1+fd,i3
ḟd,i1 −

fd,i1
ḟd,i3

1+fd,i3

fd,i2
ḟd,i1

−fd,i1 ḟd,i2
1+fd,i3

]T
.

Define the following attitude error and angular velocity errors:

R̃i = RTd,i(R
T
r,iRi) ω̃i = ωi − RTi Rr,iωr,i − R̃Ti ωd,i,

Then the controller

τi = −S(Jiωi)ωi+JiRTi Rr,iω̇r,i−JiS(ω̃i)[ωi−ω̃i]−Kωiω̃iJiR̃Ti [S(ωd,i)RTd,iωr,i−ω̇d,i]+
3∑
j=1

kji(ej×R̃Ti ej),

with Kωi = KTωi > 0, and kji > 0 distinct (i.e., k1i 	= k2i 	= k3i 	= k1i), renders the

resulting equilibrium point (R̃i, ω̃i) = (I,0) both UaGAS and ULES.
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Cascade analysis

Overall closed-loop dynamics:

ṗe,i = −S(ωf )pe,i + ve,i

v̇e,i = −S(ωf )ve,i + ue,i − fi
mi

(I − R̃Ti )e3

˙̃
Ri = R̃iS(ω̃i)

Ji ˙̃ωi = −Kωiω̃i +
3∑
j=1

kji(ej × R̃Ti ej)

Boundedness of solutions follows from V̇ ≤ ∑n
i=1 v

T
e,i

fi
mi
(I − R̃i)e3 ≤

≤ M
√
V
∑n

i=1 ‖I3 − R̃i‖, so
√
V(t)−√

V(t0) ≤ M̄(R̃i(t0), ω̃i(t0)) due to ULES
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Conclusions/Concluding remarks

• decentralized controller

• uniform almost global asymptotic stability

• considering attitude on SO(3).

• illustrated trade-off between individual trajectory tracking (non-social) and
formation forming (social)

• currently students work on experiments in lab (using Parrot Mambo
drones)

• there is no need to exchange velocity information between UAVs since we
can use an observer for reconstructing those


