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Tracking Problem (state-feedback)

System dynamics: Reference dynamics.
Ty = U1 Ctl,'r' = Uir
To = U T2 r U2
T3 = TaUy T3r = T2,Ulr
Tn = Tp-1Ug a‘?'n,,'r = Tnp—-1,rU1,r

Find control laws
u = u(x, Ty, Uy)

that yield

tlim lz(t) — z-(t)] =0



l Cascaded systems I

2.1

29 = fal(t, 22) 21 = f1(t, z1)

— fl(ta Zl) + g(ta Z17Z2@

=_ft,z)




Consider the system

r4 = —i + x7 X2
T2 T e
ol
Solution. \
2x(0
n(t) = z1(0)z2(0)e "+ '[(2)—331(0)x2(0)]et'<¥
T2(t) = z2(0)e™"

When z1(0)z2(0) > 2 we have a finite escape time

1 z1(0)z2(0)
lesc = —In
2? I (0)332 (0) — 2




! Conditions '

E. Panteley en A. Loria (S&CL 33(2), 1998)

Cascade Globally Uniformly Asymptotically Stable (GUAS) when
e 3, GUAS, polynomial ‘Lyapunov function’
e g(t, z1,22) at most linear in 2,

o 35 GUAS, 2,(t) integrable



3 - F

L Controller Design

Error dynamics (x. =z )

Tie — Ul —Uler
L2e — U2 — Uy
T3e = T2Ul — T2 ULy +ZToU1,r — T2UL

= Uy rT2e + Ta(ur U1 ,)

LTne — Ip—-1Ul —Tpn—1rULr +$n-—1u1,'r' — Inp—1U1,r

= U1,rTn—1,e T Tn—1(U1 — U1,s)



Controller Design

Error dynamics (ze = = — x,)"

%}
L2 e

+ (u2 - u2,r) + 0

+ X2 (ul — ’ul,r)

+ I 1(U1

u1,r)



Problem has reduced to (seperately) stabilizing the error-dynamics

p— —

Lo.e 0 e Toe | | 1]
3-33,6 | U,r ] . T3.e | 0
T4,e = 0 Ut ,r Z4.e +
| Tne | | 0 0 u, 0 L%nel L0
and




Stabilizing the x; . dynamics:

Uy = Uy,r —Ci¥1e

c; >0

For stabilizing the [z, .., 7z, ]T dynamics we need uniform

controllability.

This turns out to be the case if and only if the vector

-

1

is persistently exciting.

fti) uy r(0)do

| (fomrtae) ™ |

or simpler:

d¢do, 160 5i
Yiro 3se[t L ]
Lu(s)ag

—___



We can use several controllers us = us . — K(t) 2.6, - Tne|l for
globally exponentially stabilizing

To.e 0 : : : 0 T3.e 1

X3,e Uy, r I3 e 0

T4 — 0 U1 - . I4.e +| 0 (UQ u2,'r)
- xnse - i 0 0 'U;]_,:r- 0 _ L xn’e J - O -
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~1
o K(t)= BT [ft+6 2e4(t=9)®(t, ) BBTOT (4, U)dO’]

e Pole-placement (cf. Valasek & Olgac, needs 43 r, . . ., aﬁ"f;”)

o K(t) =+vyBTdT(t t)® 1(t,tp) (M.-S. Chen)



Note that we need ®(t, tp):

fo(t, to) 0 : 0
B(t, to) — Jilt, to)  folt, to)
: . . 0
| fn-1(,%0) = f1(¢, %)  fo(t,to) |
where

1] [ Fo
fettito) = g7 | [ wrlo)do| = gilrr®  areo)

However, a simpler controller is given by

o K(t) =|ca, csuyr(t), cs, csui(t), ...] where ¢; are such that
AP Lo A2 4+ 4 e, 1\ + ¢, is Hurwitz.



L

Proof

Consider the stability of the differential equation

dm dm—l d
——y(t t e m—1—Y(t mylt) =0
SO+ a1y + o+ any() amy(t) =0 (+)
Define Hurwitz-determinants

a agz as . a2;—1

1 as a4y . a9;_9

0 ay 4az ... a2;—3

Az — (Z = 1, ,m)
0 1 as . a92;_4

The system (*) is GES if and only if A; >0fori=1,...,m.



If we define

A .
bl _ Al; b2 _ AQ AS 1 SAz

bz = b; =
A]_, 3 AIAZ,

the system (*) can also be expressed as

| b, b, O .. 0O
1 0
—b,,
0 0 1 0 |

Define
V = bl’w% -+ blbg’w% + ..+ byby .- bm—l'wfzn_l + b1by
Then

SM



Does there exists a transformation z = Sw that transforms the

system
[ by b, O .. O ]
1 0
—b,,
0 0 1 0
into ~ -
—qay —as . . . . —Qm
1 0 0
Zz = 0 A
] 0 )] 1 0 |




Using the same transformation z = Sw we can transform

—ay  —agui(t) —as —aguq (1) -]
wi () 0 . 0 |
z = 0
0 0 uy (1) 0 |
into
—b1 —bous,(t) O 0 ]
uy,r(t) 0
w = 0 : : 0
—bnur (t)
0 : 0  wuy,(t) 0

el



Again

results into

V = blw% + blbz’w% +

.+ bybs

We can conclude GES if the pair

\

"

—b,

Uy, r (t)

0

0

—bgul,r(t)
0

0

0

ul,fr (t)

. bm_lw,,zn_l + blbz

V = -——b%fw%

0

—bmul,r(t)
0

is uniformly completely observable (UCO).

* bmw2

' 7[b1507 .

™M

70]




| Corollary from a result by G. Kern (1982)

Assume that A(%) satisfies a Lipschitz condition, i.e.
|A(t) — A)| < Lit—¢| VLt <0

The pair (A(t), C(t)) is UCO if there exists § > 0 and s with
t — 6 < s <tsuch that W(t — 6,t) where

t—06
W(t— 6,t) f AGETIOT (1) O (r)eA” ) gr
t

satisfies
0<a(O)I<W(E—6,1) Vt<0



L To summarize

The error dynamics

Lie — Up — Uiy

j"2,6 = U2 — U2,

I3.e ToUuy — T2 UL, r

Ine — Tpn—-1U1 Tp-1,-Ulr

in closed loop with the controller

Uy = Uiy —C1T1,e

Uz = U2y — K(t)[:l?zje, “ ey .CUn,e}T

is globally (K-exponentially) asymptotically stable.



Simulations

Car pulling a single trailer

. = wvcosby
Ye = wvsinby
b= w
by = %'v tan ¢
91 d—ll’U Sin(90 — 91)

o
1
1

14



Moving along a straight line:
Uy, r — 1 U2 r = 0
with initial conditions

2r(0)=0 (i=1,...,5) 21(0)=1, 2;(0)=05 (j=2,. .,5)

—

controller polynomial: poles in —2

observer polynomial: poles in —3.



State-feedback
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Saturated control
L

Problem has reduced to stabilizing the error-dynamics

— [ 1 - — — sy
ige 0 0] g ;
563,8 - UL r . T3¢ 0
T4,e — 0 Uy, r .. : T4e + i 0 (U?_,_U2,'r
u_ mnae - | 0 . u 0 ul,r 0 ] L, .'I:n,e - - 0 -

3.71,6 — (ul - ul,'r’)

We can also use uy = ug , — sat(z ¢)-

12



Saturated controller:

where

Y
Y2
Y3
Ya

e e G

Uy, sat — Ul,r U(xl,e)
4
U2 sat u2,'r - € U(yz)
k=1
0 0
€ 0
€2 + € €

e +e?+e £5+e4+e3

10

oo O

o)

€




Ship-dynamics

= ucosy —vsiny

usin Y+ vcosy v (sway)

X

Yy =

wzr Y =
U

v = —cur dv
T = T

W (heave)
where ¢, d > 0 {

11



Using

rHy = U
o = v
T3 = xcosY ysiny
we obtain
x1
T2

®_
@_

x4 = xSiny -+ ycosy

5 = Zr

T = Y

—cr1x5 — dxo

T1 + T4Ts
X9 — T3k
Tr
L5

12



System dynamics:

x1
T2
T3
T4
Ts

T

Tracking Problem

Reference dynamics:

L
Tu jgl,d
—cz1Z5 — dxo T2 d
T1 + TA4Ts Z3.d
T2 — I3T5 T4,4
Tr Z5.d
xs T6,d

Find control laws

that yield

T =71(T,24,74)

lim |z(t) — z4(t)] = 0

t—oo

13

Tu,d

—CZ1,4%5 4 — dT2.d
T1,d + Z4,dT5.d
L2.d — T3,dT5,d
Tr,d

T5.d



Tracking error dynamics:

e | 0 0 0 0 || zi.
| T2 | B —czp qg(t) —d 0 0 j Z2 e
.’tg,e | 1 0 0 $5,d(t) I3.e
] T4 e ) i 0 1 —I5.d 0 11 T4 e
(1 0 0
0 —cx1 0 Ts5 o
+ (Tu - Tu,d) + ! >
0 I4 0 Ze,e
- 0 ._] L —T3 O .
X € 0 T € ].
( i l - " ’(T'r Tr,d)
Tg,e | L6, e i

14




Assume that 1 4, £3 4 and x4 4 are bounded and that x5 4(t) /4 O.

Then for the state-feedback problem we can use the controller

Tu = Tud— ki1T1e+ kox5q(t)T2.e — k3x3 e + ka5 a(t) Ty e

Tr = Trd— ksTse— keTee

If additionally z5 4(¢) is bounded

Then for the output-feedback problem we can use the controller

Tu = Tud— ki%1.e + koxs q(t)E2e — k3B e + kazs a(t)Tac

Tr = Tpd — k55&5,e — kﬁf&ﬁ,e

15



Z 1s generated from the observer

Zre—ge = A(t)Tre—ge + B(Tu — Tua) + L) (y1-2 — §1-2)
gl—Z — Ci‘le—éle
5?;56—66 — A§356—66 + B(Tr — T'r,d) + E(y3 333)
gB — C—"515\3549—649
where )
l11 0
0 29 _
L(t) = L = [l5 lg]
[31 T5,q4(t)
| —Zs,a(t)  la2

16



-
] Conclusions

Linear (time-varying) controllers for nonlinear chained form

system.

Separate controller design by viewing the system as a cascade.
Both state and output feedback.

Global results (not based on linearization)

Similar approach can be used with saturated control inputs.

Cascaded approach works for ship too!
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