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A wheeled mobile robot

The dynamics of the car is described by:

T = vCcosé
y = vsinég
b = w

v: linear velocity of mobile robot
w: angular velocity of mobile robot



Model-

T Ccosé¢ 9]
y i =|Shl {v4+ |0 |w
f o | 1

Linearisation = uncontrollable system
System is however controliable.

Constraint;:
zSING —ycosh =0

can not be integrated to f(z,y,0) = 0.



Consider the system

T = —yw
Yy = Tw
w = u
Constraint:
zx +yy =20

can be integrated to
12 4 y2 = constant = z(0)? 4+ y(0)?
Using

§ — arctan (g)@{x - TC.OSG
T y = rsiné
we get
g = w
W = U

Nonholonomic control system = Brockett (83)
No continuous state-feedback control law of
the kind v u(z) for stabilisation problem
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Problem formulation

Tracking control problem.

Find control laws for v and w such that the
robot follows a reference robot, with position
[.’L‘fr,yr,&r}T and inDutS- Vy and wWyr

Bounded tracking control problem.

Tracking control problem, where the inputs
are constrained to

()] < v |w(t)] < W™ V>0

Assumption

pymax max vy (t
> UG r(t)

Wwhn > max wy(t
na r(1)
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Input-Output decoupling

Model-
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Output: =z and y

Can we find a regular feedback:

W

[" } =a(x,y,9)+ﬁ(x,y,9)[zﬂ

such that vy only influences z and v, only
influences y?



: Differentiate outputs (x and y), un-
til inputs (v and w) appear, and form decou-
pling matrix, which has to have full rank:

Differentiating first output (z)-

r = vCcosé

Differentiating second output (y):

y=vsSiné

Yielding:

2= [z o] (2]

Decospii:ng
matrix

Decoupling matrix does not have full rank
= not (locally) put-output decoupable



L Dynamic Input-output decoupling

Model:
T | cosh | 0
y i = | sind |v O |w
0 0 | 1

Output: o and y

Can we find a dynamic state feedback:

z v(z,z,y,0) + 6(z,z,y,0) [ Z; ]

{V} = a(z,x,y,ﬂ)-f-ﬁ(z,w,y,ﬂ)[vl}

| W (%,

where z € 4, such that v; only influences z
and v, only influences y?



Useful strategy: Add integrator and repeat
previous recipe

Use dynamic state feedback

z = U2
v — Z2
W = uj
resulting into:
r = zCOS#H
J zSing@
9 — Uz
z = Uo

Outputs: z and y.
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Differentiate outputs (z and y), unti inputs
(u1 and uo) appear, and form decoupling ma-
trix:

Differentiating first output (z)

T = zCO0s#
T = unCOSH — zsSinb uq

Differentiating second output (y)

y = zSin#
Yy = unSinf -4-2zC0SH uq
Yielding
T i __ | —zsin@ cosé Uuq
j | | zcos@ sing || up
Decoﬁpling
matrix

Decoupling matrix full rank, provided z # 0
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We have.
1 | —zsiné cosé || ug |
¥y | | zcosf® siné U
SO choosing
up | _ 1| —sin@ cosé V1
up |z | zcos@ zsing | | vy |
results into

@ &\
|

v2

Now tracking can be easily achieved, use e.g

V1 — fl}fr — kd}xéx — kp,weag

Yr — kg yey — kpyey

V2

where ex =2 —zr, ey =y — Yr
ki gz, kpz, k44, and kpy POSitive constants.
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L Concluding

System
T = vCos#h
y = vsing
6 = w

Dynamic state feedback used:

1 . 1
——Sinf# vy - —Co0sl vy
Z

P A—
z
v = 2
w = C0S# vy +Sind vy
where
V1 = .'.Ii'r — kdaxex — kp,:;gegj
v2 = Yr — kg ey — kpyey

Disadvantage: z(t) 3= 0 for ali ¢ > O.

Only local result, provided Iitm infuvr(t) >0
— 00
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Integrator backstepping

Exampie.

cosz xz°4+¢

z

3
Design objective: regulation of z(t).
Only equilibrium (z,£) = (0, -1).

(7

Stabilizing function

Eges = —C1Z — COST = a(x)

.3 | _ 1.2
Results into z = C1T—T”. If we useV—2$

we get V = —¢y22 — z* = glob. as. stabie.

Introduce error variable

Z:E_gdes = § =Eges T+ 2

Results into.

r = nclcc—x3—i-z
z — E—a=u-+(ec1 —sinz)(—c1z 23 + 2)
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Consider Lyapunov function candidate

V(z,z) = 1332 - le.
2 2

It's time-derivative becomes:

V(z,2) = —c1z°—2z%4z[z4+u--(cy —sin ) (—ciz—z° @
Choosing 2)
u=—z— (cy —sinz)(—ci1x — 3+ 2) — coz
results into
V=—cz° z*-— co2?.
So the controller
u = —co(é+ciz+cosxz)—x —

—(¢1 —sinz)(cosz — x> + &)

resu in global asymptotic stability

16



system

=
I
)
O
N
5
I
8
Ww
+
Iy

Iy
I
S

--------------------------------------------

17



Introduction of &;. = a(x)

________________________________________

_____________

—a(x)

_(.).3 «
cos() |
| af-)

----------------

18



Backstepping —a through the integrator, by
definition of z = £ — «, resulting into

—C1Z — 3 + z

x

E—a=u—o

I
)
[
A

..............................................
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What did we do?

e Studied the equation without inputs, con-
sidering the other state variable as input.

e Tried to stabilize that system

e Defined error variables

e Applied change of coordinates

Added squared-error to Lyapunov func-
tion and derived real control input needed

AlsO & recursive procedure is possible
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Suppose we have the system

i1 = COSzi — &3 + o (1)
To T 3 (2)
T3 = u (3)

Consider the subsystem (1,2) assuming z3 to
be the input. Then we now that

23 = —co(xo+cizy +COSx1 — 21 —
—(e3 —sinzy)(coszy — x% + 25) = a(x)

results in global asymptotic stability. Define
z3 = x3 — a(z) and consider the Lyapunov
function candidate

1. 1
V = Em% + 5[:82 + ci121 + COS.’L‘1]2 + 553%

Choosing

w=—(zo+ciz—14+coszy)+a&—2z3

results in

V = —clx% —-zci’ —colzo 4+ 121 4 COS ml]z - 0353%

and therefore global asymptotic stability.
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L Result of Jiang and Nijmeijer

Z . -P. Jiang and H. Nijmeijer Tracking Con-
trol of Mobile Robots: A Case Study in Back-
stepping, to appear in Automatica

Recall the model:

The dynamics of the car is described by

r = vCosé
y = vSing
b6 = w
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L Recall the problem formulation

Tracking control problem:

Find control laws for v and w such that the
robot follows a reference robc'tl with position
(zr, yr, 6-)1 and inputs v, and wy.

Bounded Tracking control problem

Tracking control problem, where the inputs
are constrained to

()| < v Jw(t) <™ vVt >0

Assumption:

v S max v (t
nax vy(t)

W' ner max t
w > nas wr (1)
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Denote error coordinates as

[ Ze | cosf§ sinf Ol [z, —x|
e | = | —Sinf cosé# O Yr — Y |
| fe | 0 0 L] 6—6
resulting in
Te = WYe — V- vy COSHe
ye = —WTe + Vyp sin 0@
9'8 = W — W
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The error dynamics.

Te = WYe — V + Ur COSHe
'ge — —WIe -ﬁ_ Uy Sin 96
ée —_ Wy — W

We view z. and #. as inputs acting on the g,
system.

Choosing ze = cawye and fe = O results into

Ye = —C3w2ye

Using the Lyapunov function candidate
1 5

V(ye) — Eye

results into
V(t7 ye) — _w2y§

and therefore stability of y.. We can not
conclude asymptotic bility (yet)

25



We can use the idea of integrator backstep-
ping and define the new variable

Te — Le — C3WYe

(e = ye — O does not change).

Then we obtain in the new coordinates:

Te = WYe— VU + Vp COSOe — C3WYe — C3WTe
ye — ‘—C{J{.’Ee + C3Q)'ye} "E" Vp Sln 96
9.8 - Wr —w

Consider the Lyapunov function candidate

1_ 1 1
V(t, e, Ve, be) = 5%e 2 e T+ —yg - —793 (y>0)

It's time-derivative becomes:

V = ZTe[wye — v 4 vr COSOe — c3WYe — C3WYe) -

_ . 1
Tyel—w{Te + cawye} -+ vrsinbe] + ;96[‘*’? — ]
—Lfe[i’/ — Vr COS B¢ + c3wye + C3w'.96] —

1 Ssin g
_03“’2?!3 - —96[‘*’ — Wr — YYelr e]-
7Y O

26



So if we use

V = VrCOSfe — c3wye — C3wWYe + CaTe
Sin 6,
W = Wr - YYelr -+ cgfe
be
we obtain
- _ 1
V(ta we, ‘ye, 86) — —C4$3 - C3w2'y§ ;(35962

Note that we used w and g. which can be
expressed in the state variables, using:

. . : . Sing
w = wr +YWerr + yeir) ; ° +
[ o
e COSH. — SiNG, . :
+796Vr € ;2 696 —- (3596
[ 54
Ye — —WXe + Vy S'n 93

96 — Wy — W

We only need to have 1, and w;.
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Furthermore, we use

Sin ()e .

/ cos(sbe)ds

which looks hke

1.5 ! : T ! T ! ! ! T

0.5

05 i ] 1 1 1 b ] 1 1
-19 -8 -6 -4 -2 o 2 4 8 10
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‘heorem: Assume that v,, o, wy, and w,
are pounded on [0, o).
Then, all trajectories of the system

Te = WYe—V -+ vpCOSH,
:!.]e — —WXe + Vy Sin 96
9'6 — Wr —Ww

under the feedback

V = vrCOSle — c3wye — C3WYe 1 CaZe
1
W = wp—+ 'yyeu,-./o CcOS(sbe)ds + csbe
are globally uniformi unded

Furthermore if either v, 4 0 or
v — 0 but wy 4 0 then globally:
"——\__

tlr&(lwe(t)‘ + lye(t)] + 10e(1)]) = 0

Additionally, if lim inf lwr ()] > 0:
The zero-equilmf"s'"_éx_;)WéBtialiy stable
for small initial errors, i.e. all closed-loop
trajectories go to zero at an ex~ ~rrntia
rate after a considerable period of time
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I Bounded tracking

The controller
V = UrCOSHe — cawye — C3WYe + CaZe
W = Wy + YYelr /01 Ccos(sfe)ds + cs5fe
does not satisfy

lv(t)| < v, |lw(t)| < W™ Vi >0

How to extend this result to a bounded re-
sult?
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L Example

Consider the system
T =1u

A stabilizing controller is not only

U= —C1x
But also
u = —ci1 tanh(cox)
or
u = —caSat(caz)

(61, c2, €3, Cq DOSitiVE)
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Let 7 denote the set of all nondecreasing C'!
functions satisfying f(0) = 0, f/(0) > 0.

Examples:

4

f(z) = az, f(z) = atanh(bz) (a,b > 0)

Let B2 {f € FIf € Loo A f € Loo)

Other elements of B: m“ﬁ?x—!, aarctan(bzx)

—1 T < —7/2
f(z) ={ sin(z) —7n/2<z< /2
1 T/2 < x
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Recall the error dynamics

Te = WYe —V -+ vpCOSH,
@e — —WZe “az‘ Yy Sln 96
ée — Wy —Ww

We view z. and 6. as inputs acting on the v,
system

Choosing ze = f1(w)fa2(ye) (f1,f> € F) and
“
#e = O results into:

Ye = —wfy (w)fQ (ve)

Using the Lyapunov function candidate
L o

V(ye) = SYe

results into:

V(ta Ye) = —wfi (W)yefQ(ye)
and therefore stability of y,.
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Define

the new variable

Te = e — f1(w) f2(ye).

Then we obtain in the new coordinates:

Te =—

Ye
98 —

wye — V + vr COS e — wfi(w)fa(ye)
—f1(w) 5 (ye) e
—w{Ze + f1(w) fo(ye)} + vrsin e

Wr — W

Consider the Lyapunov function candidate

2

1, 1 1
V(t, Te, Ye, ) = —T2 + Eyg + 57-93 (v > 0)

It's timederivative becomes.

V =

Ee[wye — V + vy COS e — wfji (w)f2(y6)
—f1 (w)fé(ye)@e] + Z‘Ie[_w{fe + f1 (w)fQ(’ye)}
vy Sin Be) + %Be[wr — w]

—Te[v — vr cOSOe + wfl(w) fo(ye) +

+ f1(w) F2(ye) Vel — wit(w)yefo(ye)
1 Sin @,

——Oe[w — Wr — YYelr ]
Y fe
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So if we use
v = vy C0Sfe —wfi(w)fa(ye)
—f1 (w)fé(ye)'!-le + f3(ze)

in o,
SI;\ -4 f4(96)

W = Wr 1 YYelr
We obtain
_ ~ B 1
V = —Zef3(ZTe) — wfr(w)yefo(ye) — ;9ef4(9e)

where w and y. are given by
Sin B¢

w = wr+ v(Petr + yetr) 0 +
€
fe COSHe — SIN 6, . .
+YYelr > 52 e‘9e + f&(ﬁe)ge
€
e = —w{Ze+ f1(w)fa(ye)} 4 vrsinbe
96 = Wr —w

We only need to have v, and w;.

However, is this bounded?
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First choose a v and fy, fo, f3,fa € B

We need to satisfy:

lv(t) < v |w(t) <™ vVt >0

provided that:

AT~ max vr(t)
na; (1)

wmar max wy(t)
> S r(t)

We know that V(t) < V(0). Therefore

e < V2[e(0) + || f1llool| f2lloo}2+
+729¢(0)? 4+ 70(0)?

So can premultiply v and fs4 with some small
enough constants (< 1) to obtain:

jw(t)| < W™ Vt > 0
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Now we can derive bounds on ¢e, . and «.

Now can premultiply f1, fo and f3 with
some small enough constants (< 1) to ob-

tain
v(t) <pme vVt >0

Note that by this possibly premultiplication
of f1 and f, with a small enough contant
might decrease the bound on |yye}, but wili
never increase it

i Concluding )

Provided we know bounds on the initial con-
ditions, we are always able t0 choose a con-
troller such that

lv(t)| < v jJw(t)] < W™ Vvt > 0
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. eorem: Assume that v, vy, wy, and wy
are bounded on [0, c0).
Then, all trajectories of the system

Te = WYe— V -+ vy COSHe
Cé'le = —WXe ‘J;“ Uy Sin 03
93 = Wr — W

under the feedback

v = v C0Sle —wfi(w)fa(ye) —
—f1(w) f2(ye) e + f3(Te)
Sinfe |
W = wr T YYelr 9 + fa(be)

are.globally uniformly bounded

If v, 4 0 or v — 0 but wy /4 0 then globally"

Sim (jze(t)] + Jye(t)] + |0e(t)]) = O

Furthermore, for any initial condition (z(0), y.(0),
8:(0)) there exist fi, fo, f3, fa € B such that

v(t) < v jw(@®)) < W™ vt >0
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Additionally, if Iimi}gf lwr(t) > O the zero
equilibrium is exponentially stable for small
initial errors.

In other words: all the closed-loop trajecto-
ries go to zero at an exponentially rate after
a considerable period of time.

Remark By using

filw) = c3w
fo(ye) = ye

f3(ZTe) = caZe
fa(fe) = csbe

we obtain the result of Jia and Nijmeijer

39



[

[ Simulations

Initial conditions:
(2(0),9e(0),60.(0)) = (16 6,1.5,—-1)

Reference trajectory:
vr(t) = 1, wy(t) = 0, i e. straight line.

Controller Jiang & Nijmeijer (Automatica)
fl(w) — W, fZ(ye) — Ye, f3(§6) — 256!
f4(96)=963’)’=1(3., cg = 1, cg = 2
Cg — 1).

Bounded controller:

fi(w) = 0.2tanh(w), fa(ye) = 0.2tanh(ye),
f3(ze) = 0.2tanh(xe), f4(8e) = 0.2tanh(6.),
v = 0.045

The bounded controller was designed to sat-
isfy

v() <2, w(t) <1 Vt>0

Controlier Jiang & Nijmeijer (II)

f1(w) = 0.2w, fo(ye) = 0.2ye, f3(Ze) = 0.27,
fa(8e) = 0.20¢, v = 0.045.
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Controller Jiang & Nijmeijer
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[_Bounded Controller

42
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L Jiang & Nijmeijer (II)
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conclusions

e Using the idea of integrator backstepping
resulted in globally tracking controllers
for a wheeled mobile robot

e A richer class of (globally) tracking con-
trollers for a wheeled mobile robot has
been derived.

e Under input constraints, (semi)globally track-
ing controllers have been found

There is a trade-off between convergence
to the desired trajectory and the satisfac-
tion of input constraints
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