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! Chained form system

Nonholonomic system in chained form:

9.31 = Uq
j?g = U9
Y
5&3 = Ta2Ux
Tp = Tp_1U1

Examples: Car pulling multiple trailers, rolling Euro, knife-edge

(pizza-knife)



[ Tracking Problem (state-feedback)

System dynamics: Reference dynamics:
1 = w Tir = Uiy
To = Uy T2 r Uz r
T3 = TaU T3y = T2rUlr
Tn = Tp 1U1 j;n,'r = Tn 1,0U1,r

Find control laws
u = ulX, T, ur)

that yield

Jim lz(t) x-(t)]=0



Cascaded systems '

2.1

Z2
z1 = f1(t, z1)

Zy =

= fi(t, z1) + g(¢, 21922@

lf'z = fa(t, Zz‘)}




Consider the system

Ty = —Xq + x7 T2
Solution.
2z(0)
t = !
.’131( ) 1 (0):172 (0)8_tf+ [2 — 1 (0)$2(0)]6t?
:Uz(t) = 35'2(0)6_’%

When z1(0)z2(0) > 2 we have a finite escape time

s L. x1(0)z2(0)
¢ 2 1 (0)z2(0) — 2




‘ Conditions

E. Panteley en A. Loria (S&CL 33(2), 1998).

Cascade Globally Uniformly Asymptotically Stable (GUAS) when
e >; GUAS, polynomial ‘Lyapunov function’
e g(t,21,22) at most linear in z;

e 3s GUAS, 22(t) integrable



Controller Design

Error dynamics (z, = x — z,):

To. = 0 + (ug —u2,) + 0

533,6 = Ui rT2e + L2 (U]_ - ul,"*)
djn,e = Ul rZn-—-1,e + mn—l(ul rUll,'r)
Tie = (’ul — ’U»1,-r)



Problem has reduced to (seperately) stabilizing the error-dynamics

o . — B n F - r —|‘
¢3,e Ui, r ] . L3 e | 0
Tage | = 0  ui, Tae |+ (us
L xn3e - L 0 0 u]_,fr 0 _ - xn?e - L O .
and




Stabilizing the x; . dynamics.

Uy = Ui,r — C1T1.e ci >0

For stabilizing the [Z2¢, ..,ZTpne]? dynamics we need uniform

controllability.

We can show that if u; , /4 0, the controller
U2 = U2,y — C2T2,e — C3UL +T3,e — C4T4,e — C5ULrTHe — . -

yields global asymptotic stability of the closed-loop system,
provided

AT e A2 L e A+ ¢, is Hurwitz.



To summarize

Consider the error dynamics

Lie — UL — Uy
3.92,6 = U2 — U2 r
L3,e — T2U1 — T2,U1lr

Tne — Tp-—1U1 Tn—1,rU1,r

in closed loop with the controller

Uy = Uryr —CiT1e

U2 = U2y — C2X2e — C3ULrT3,e — Ca4T4,e — C5UYL +T5e — - ..

If u; » 4 0, then the closed loop is globally asymptotically stable.
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[ Tracking Problem (output feedback)

System dynamics: Reference dynamics:
ry — Uy I1,r Uy r
T2 U2 3.5'2,7“ = U2,r
.’i;3 = T2U1 i;3,'r = T2 ,Uir
Tn = Tp-1U1 i’n,r = Tp—1U1,r

Output: y = M, ¥.]7

Find control laws
u = u(Z, Tr, Ur) T = f(&,Y, Tr, Ur)

that yield tlim lx(t) — z-(t)] =0
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Using again u; = 41, c¢371 . and the cascaded result,

we need to stabilize

2 e 0
j73,e Uy r
x4,e = O u1,7~
| Tn,e | | 0 .0
Y = Inee

by means of output feedback.
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(ug — u2,r)



Using the separation principle and certainty equivalence we find:

U2 U2y — C2X2 ¢ — C3UL yX3,e — C4T4,e — C5UY vT5e —
C AT ] . : - 1rs 11
T2e 0 0 Z2e 1
~ ' ~
T3 e Uy r X3e
T4,e — 0 Up r T . Tae | + 0 (U2 _UZ,T)+
._xnae _J i 0 . O u1’7~ O_‘ ,_-Tn,ed n.O..

+ [ © oy l5ul,r: 149 l3u1,'r'7, IQ]T(:En,e - -'j}n,e)
yields global asymptotic stability, provided

APt e A2 - e, 1A+,
AP oA A+,

Hurwitz
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To summarize

Error dynamics Observer
3-71,6 Uy — Ug,r 3:52,6 = U2 — U, + In [ul,r]-%n,e
3-92,6 — Uz — U2 r 5:&3,6 — ul,r5%2,e + ln—l[ul,r]iﬁn,e
T3 e — T2Ul — T2,ULr

Tn—1l,e = Ul rTn—2.e + l3u1,r§;n,e

5ijﬂn,e = ITp—-1U1 — Tpn—1,,ULr Tn,e — Ul rTn—1,e + l2$n,e

_ T ~ ~
y = [331,6: ivn,e] Ln.e Tn,e In,e

in closed loop with the controller

Uy = Urr —Ci1T1e
Uz = U2y — C2T2e — C3U1,rT3 e — C4T4,e — C5UY rT5 e —

If u; » / 0, then the closed loop is globally asymptotically stable.
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Car pulling a single trailer:

v cos By
vsin by
W
lvtang
i

1 .
- vsin(fo

1)

|

L

Simulations
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State-feedback

Initial condition.
Reference:

z1,,(0) = 22,,(0) = 23,(0) = 24,(0) = 25 ,.(0) =0

U,y — U2,¢» — 1
Controller-gains
C1 = 1,62 —_—-4,63 — 6,64 :4,65 =1

We looked at the errors ., = z. — z., and ye = Yo — Yo r-
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State-feedback

25 T T ™ T ) ! T ' '
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L Output-feedback

Initial condition.

£l’:1(0) = 35‘2(0) = LL‘3(0) — 35'4(0) = 375(0) =1
21.6(0) = $.0(0) = &3,0(0) = £4.0(0) = &5.(0) = —1

Reference:

.’,Ul,r(O) = 332,7.(0) = 333,,~(0) = 384,?(0) = 35’5,7-(0) =0

Controller and observer gains
C1 — 1,62 24,63 — 6,04 -_—-4,65 — 1,12 — 8,l3 — 24,14 =32,l5 =16

We looked at the errors z. = . — Z., and Ye = Ye — Ye.r-
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’ Output-feedback
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Output-feedback
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[
L Conclusions

Linear (time-varying) controllers for nonlinear chained form

system.
e Separate controller design by viewing the system as a cascade.
e Both state and output feedback.
e Global results (not based on linearization)

e Similar approach can be used with saturated control inputs.
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