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‘ Cascaded systems

2.1
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: Z1 =f1(t,21)

z = fl(tazl)-'-g(tazlaZZ)@
2.:2 — f?(tazQ)



Consider the system

.’jD'l = —I + x% o
Ty = —Yx2
Solution. )
2z(0
n(t) = __22{0) _
11(0)z2(0)e~+ [2 — 21 (0)z2(0)]et?
z2(t) = z2(0)e™ "
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When z;(0)z2(0) > 2 we have a finite escape time
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2% x1(0)z2(0) — 2
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l Conditions

E. Panteley en A. Loria (S&CL 33(2), 1998).

Cascade Globally Uniformly Asymptotically Stable (GUAS) when
e Y1 GUAS, polynomial ‘Lyapunov function’
® g(t,21,22) at most linear in z;

e 3o GUAS, 22(t) integrable



Tracking Problem (state-feedback)

System dynamics: Reference dynamics:
T = w Ti,r = Uiy
To = U T2y Uz, r
I3 = T2Uj L3,r = T2,ULy
Lpn = ITp 1U1 Lnyr — Tp—1,rUlr

Find control laws
U = U(LU, Lry u"r)

that yield

tlim |z(t) — z.(t)] = 0
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[ Controller Design

Error dynamics (z. =z z,):

L1,e Uy — Uy r
L2,e — U2 — U,y
T3,e — TaUl — T2, UL p +ZToU1,r — LU 5

= U1 ,rT2e + T2(Us — U1 1)

Ln,e Lpn-1UL — Tp—3 rUL r +ZTy 1U1,r — T 1ULr

= U1 rTn—1,e T -’En—l(ul - '“'1,”-'")



Controller Design

Error dynamics (z. = z — z,.)

T2.e

I3,e

0

Ur,rT2,e

-+ ('LLQ — ’UI2,T) -+ 0

+ xo(us — U1,r)

+ Tp_1(ur —ug,)



Problem has reduced to (seperately) stabilizing the error-dynamics

— -

T . 0T 1 17
:I;z,e 0 0 . ! x2’e ]. i
T3 e (e Z3.e 0
$4:e - 0 u]_,?“ . . . m $4,6 + | O ('U;Z_U2,7-)
- xn?e - L 0 O ul,'r O _ e xn’e -J b O —J




Stabilizing the z; . dynamics:

Uy = Uy,r — C1T1 e cy >0

For stabilizing the [z2., . , 2z .|l dynamics we need uniform

controllability.

This turns out to be the case if and only if the vector

1 or ﬁnpﬂv:
[y u1,r(0)do IERT R st

| Yhe sefte )
L T

is persistently exciting.
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We can use several controllers ug = ug, — K(t)[z2.,. ..

globally exponentially stabilizing

L2 e

e Pole-placement (cf. Valasek & Olgac, needs 44 ., .

oy

L e K(t) = ~B7 |

. o0l 7

0 L2 e

Uy, r I3 e
0 Ui r L4 e +
0 0 ul’r O _] e xn’e -]

t

o K(t) =~vBT® T(t,t9)® 1(t,tp) (M.-S. Chen)

1T
,Tne  for

0 ('U;2_u2’r)

—1
[T1 9e2at-0) (¢, o) BBT T (1, a)da]

.(n—2
g™ )




Note that we need ®(t, tg):

[ folt, to) 0 | 0
®(t, to) = filt:to)  fo(t o)
: . 0
| faa(bte) oo filtto)  fo(tito) |
where

¢ k
feltoto) = g5 | [ wr@do| = L1 (®) - 2ol

However, a simpler controller is given by

o K(t) = [c2, caui r(t), ca, csur(t), ...] where ¢; are such that
AP LA 41\ + ¢, is Hurwitz.



To summarize

The error dynamics

Lle = Up — Upqr

Tae = Ug— Uz,

L3 e = T2U1 — T2,Ulr

jjn,e = Tpn-1U1 Ln—1,rU1r

in closed loop with the controller

Uy = Uiy —CiTire

ug = U, — K(t)|z2e,..., :cn,e]T

is globally (K-exponentially) asymptotically stable.



Tracking Problem (output feedback)

System dynamics:

T = w

532 = U9

T3 = TaUl
Tn = Tp-1U1

Output: y = [z1,z,]"
Find control laws

U = ’U,(.’ft, Loy, u?”)

that yield tlim lz(t) — z- ()] =0

Reference dynamics:

Ti,r = Ulr

L2,r = U2y

L3, r = X2,ULr
Inr — Tp—-1rULr

57 - f(ia Y, Ty, u'r‘)



Using again 43 = u3, — €171, and the cascaded result,

we need to stabilize

F 5532,6 | 0
j:3,e Uy, r
j;4’e - 0 Ui, r
h.xnaej i 0 0 Uy, r
Yy Ln,e

by means of output feedback.

12

0| (’U,Q — ’Ulz,r)




Using the separation principle and certainty equivalence we find.

where we

U2, — K(t) [52'2’8, ..

0 .. 0

- T
° 3 $n7e]
0

U]_’r 0_

+ H(t)(xne — Tne)

can determine H (t) in several ways.

11

(ug — ugz,r)+



Result

Error dynamics Observer
3.5'1,6 = Uy — Uy, r 5\:2,6 — U2 — U2,r + hn(t)fi'n,e
:t2,6 — U2 — Ugr 5\:3,6 - ul,r§32,e + hn—-l(t)jn,e
T3,e = ToUl — T2 ,rULr .
i'n—l,e — ul,’r‘£n—2,e + hB(t)i:'n,,e
L-Un,e — Tp—-1U1 — Tpn—1,rU1r i:ﬁn,e — ul,rin—l,e + hZ(t)-’in,e
y = [wl,ea wn,e]T fén,e — Tn,e _in,e

| in closed loop with the controller

Uy = Uiy —C1T1e
U2 = U2, — K(t)[é\:Z,E) e :in,e}T

is globally (K -exponentially) asymptotically stable.
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Simulations

Car pulling a single trailer- y

. = wvcosby
Y. = wvsinfy
b = w
6y, — %'v tan ¢ y
91 ali-?} Siﬂ(@o 91)
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State-feedback

Initial condition: z. = {1,1,1,1,1]

Reference: Straight line along x.=axis.

as

Controller-gains: poles in —1 and —1, -1, -2, —2.

3+
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State-feedback
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[ Output-feedback

Similar simulation.
Initial observer-errors: [£ae,...,%5.¢] = [—1,—1,—1, —1]

Observer-gains: poles in —3, —3, —4, —4.
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Output-feedback
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Output-feedback
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.
l Conclusions

e Linear (time-varying) controllers for nonlinear chained form

system.
e Separate controller design by viewing the system as a cascade.
e Both state and output feedback.
e Global results (not based on linearization)

e Similar approach can be used with saturated control inputs.
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